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Abstract

This thesis investigates arithmetic and algebraic properties of tiled orders in central

simple algebras over non-archimedean local fields. To this end, we make extensive use

of a building-theoretic framework that allows us to gain combinatorial and geometric

intuition for properties of these local orders. We use this local information and turn

to a global setting, where we compute type numbers of global orders. We accomplish

this with tools from algebraic number theory, as well as class field theory towards the

end of the thesis.
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Chapter 1

Introduction

In this thesis, we embark on an exploration of arithmetic and algebraic properties

of tiled orders, which are a class of orders in central simple algebras. During this

journey, we will travel back and forth between two different realms: one of them is

algebraic, in which we eventually want our results to reside, and the other is rather

combinatorial and geometric, from which we will often borrow intuition.

Tiled orders are known under various names and have been studied in many

contexts. In particular, we borrow the name tiled as initially coined by Tarsy in

[41]. As tiled orders, Fujita [11], Jategaonkar [21], Rump [38], Tarsy [41] and others

have studied their global dimensions. Tiled orders are also called graduated orders

in the work of Plesken [33] on representation theory of finite groups. The explicit

construction in this thesis is based on the work of Shemanske [39], where such orders

are called split, as also seen in Hijikata [19].

The setting in which we study tiled orders are central simple algebras Mn(D),

where D is a division algebra with center k a non-archimedean local field. While

we will give a precise definition of tiled orders in Chapter 3, they encompass among
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Introduction

other classes maximal and hereditary orders, and are therefore quite general. In

particular, tiled orders can be written as an intersection of finitely many maximal

orders in Mn(D). In [39], Shemanske associates to a given tiled order Γ a convex

polytope CΓ in an apartment A of the building for SLn(D). As shown in [40], CΓ is

uniquely determined by a nice set of vertices, which on the one hand correspond to

some maximal orders containing Γ, and on the other hand to a set of Γ-lattices as

introduced by Plesken in [33]. We will call such vertices distinguished, and they will

provide the first door between the algebraic and the geometric contexts.

In [40], it is shown that the normalizer N (Γ) of Γ in GLn(D) induces actions on

the polytope CΓ, and these actions are given by a subgroup of a certain symmetric

group. We extend this result in Corollary 3.2.10, where we view isomorphisms of tiled

orders in terms of actions on the apartment A by sending one associated polytope to

the other. In particular, we can study algebraic properties of any given isomorphism

class of tiled orders by studying rigid motions on the associated polytope. We refer

to these actions on a given polytope as symmetries of CΓ.

At the heart of accomplishing this goal lies a family of easily computable non-

negative integers called structural invariants. They were introduced by Zassenhaus

in [47], who has shown that they determine the isomorphism class of Γ. We prove

that the structural invariants also encode geometric data for CΓ, by giving distances

between distinguished vertices and certain hyperplanes bounding CΓ. Therefore, the

“shape” and “size” of CΓ is encoded in these structural invariants. In particular, two

tiled orders are isomorphic if and only if their polytopes are congruent, where con-

gruence is defined in terms of structural invariants. We take this connection between

isomorphisms of tiled orders and structural invariants further in Proposition 3.7.8,
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Introduction

which is a stepping stone for most of our results. Specifically, we extract information

about the normalizer N (Γ) from the isomorphism class of Γ :

Proposition. Let Γ = (pµij) be a tiled order, and {mij` | i, j, ` ≤ n} its set of struc-

tural invariants. Then N (Γ) =
⋃
σ∈H ξσD

×Γ×, where H is the subgroup of the sym-

metric group Sn given by H = {σ ∈ Sn |mij` = mσ(i)σ(j)σ(`) for all i, j, ` ≤ n}, and

ξσ = (πµi1−µσ(i)σ(1)δσ(i)j) for δij the Kronecker delta.

In addition, if Γ has full geometric rank, let φ : N (Γ)→ Sn be the homomorphism

defined in Proposition 3.7.4. Then N (Γ) =
⊔
σ∈H ξσD

×Γ×, and φ(ξσ) = σ.

Now that we have such a powerful tool to study the polytopes CΓ, we stop along

the way on a few previously treaded paths and topics of interest for the study of tiled

orders. Harada has shown in [16] and [17] that if an order in Mn(D) is hereditary,

then it is tiled; we show in Proposition 3.4.3 that an order Γ is hereditary if and

only if its polytope is a simplex in the associated building. Of particular interest

are hereditary orders whose polytopes are maximal simplices in the building called

chambers. In this case, we show in Corollary 3.9.7 that N (Γ)/D×Γ× ∼= Z/nZ.

Next, we turn to radical idealizer chains of orders, which are canonical chains

of overorders terminating in hereditary orders. Proposition 3.5.6 gives a geometric

interpretation for each of the overorders in the chain. A possible application of this

result is getting bounds on the length of the radical idealizer chain for a tiled order,

as has been done for other classes of orders by Nebe in [28].

Another interesting tool for the study of tiled orders are associated quivers, de-

fined by Roggenkamp and Wiedemann in [46] and by Müller in [27]. There are two

constructions that will be of interest: the unvalued quiver, denoted by Q(Γ), and

the valued quiver, denoted by Qv(Γ). One may use the structural invariants to find
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the quivers, so it is not surprising that we may extract some information regarding

isomorphism classes of tiled orders from the associated quivers. In [15], Haefner and

Pappacena prove that certain automorphisms of Γ give automorphisms of Q(Γ), but

that they do not extend to automorphisms of the valued quiver Qv(Γ).

To solve this problem, we connect many of these tools for the study of tiled orders

with an interesting construction, detailed in Theorem 3.9.3:

Theorem. Given a tiled order Γ = (pµij) with structural invariants {mij`}, define

Γc = (pνij) where νij =
∑n

`=1mij`. Then Γc is a centered tiled order with structural

invariants m̃ij` = n ·mij` for all 1 ≤ i, j, ` ≤ n, and σ ∈ Sn is a symmetry of CΓ if

and only if νij = νσ(i)σ(j).

Geometrically, the associated tiled order Γc is obtained by scaling the polytope

CΓ and then translating it in a convenient manner, as described in Corollary 3.9.5.

Therefore, its polytope has the same symmetries as CΓ. As shown in Theorem 3.9.8,

these symmetries also induce automorphisms of the valued quiver Qv(Γc).

Theorem. Given a centered tiled order Γc = (pνij) in Mn(k), there is a bijection

between Aut(Qv(Γc)) and the symmetries of CΓc.

It is via this construction that we conclude that not all subgroups of Sn are

realizable as symmetry groups of convex polytoes CΓ, a particular case being two-

transitive proper subgroups of Sn. However, there is more to study; once we have

n ≥ 5, there are subgroups of Sn that are not two-transitive (or direct extensions of

such subgroups), and that cannot be symmetry groups of convex polytopes CΓ.

Another class of tiled orders that has been of some interest are Gorenstein tiled

orders, which sometimes come equipped with a permutation in Sn called a Kirichenko

4



Introduction

permutation. As a consequence of Proposition 3.7.8, these permutations induce an

automorphism of the orders and therefore an automorphism of the associated quiver.

In fact, the quivers of Gorenstein tiled orders have relatively few arrows and nice

automorphisms, which make them an interesting subject of study, as seen in papers

such as [35], [5] and [6]. It would be interesting to study further how the structural

invariants and the associated polytopes might inform properties of Gorenstein tiled

orders.

Next, we employ a global setting. Armed with knowledge about normalizers of

tiled orders, we can turn to studying global orders in central simple algebras over

number fields. In particular, the orders we study are tiled at each finite place. By the

Skolem-Noether theorem, two orders Λ and Λ′ are (everywhere) locally isomorphic

if and only if they are locally everywhere conjugate, in which case we say they are

in the same genus. Since these local isomorphisms do not necessarily lift to a global

isomorphism, a natural question to consider is determining the number of global

isomorphism classes inside the genus of Λ. We call this number the type number of

Λ, and will denote it by G(Λ).

Type numbers of orders in central simple algebras have been investigated in a a

few different contexts. Deuring [7] originally investigated type numbers of maximal

orders in quaternion algebras with some specific discriminants. Type numbers of

Eichler orders in definite quaternion algebras have been studied by Eichler [8], Peters

[30] and Pizer [31], [32]. Furthermore, Vignéras considers Eichler orders in not totally

definite quaternion algebras in [44].

The case for global algebras A of degree n ≥ 3 over a number field K has been

considered in [25], which investigates the genus of maximal orders. Since the degree
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of A over K is at least 3, A satisfies the Eichler condition. Therefore, one can apply

strong approximation and express the arithmetic of the global order in terms of idelic

arithmetic over the field K. Consider an order Λ in A that is (everywhere) locally

tiled. Denote the A- and K-idele groups by JA and JK , let Ω be the set of infinite

places ramifying in A so KΩ = {a ∈ K : ν(a) > 0 for all ν ∈ Ω}, the normalizer of

Λν by N (Λν), and the restricted product
∏′

ν N (Λν) := JA ∩
∏

ν N (Λν). Then the

type number G(Λ) is given by the number of double cosets A×\JA/
∏′

ν N (Λν). As a

consequence of Eichler’s theorem/strong approximation, the reduced norm induces a

bijection

nr : A×\JA/
∏′

ν

N (Λν)→ K×Ω \JK/ nr(
∏′

ν

N (Λν)) ∼= JK/K
×
Ω nr(

∏′

ν

N (Λν)).

For more details about Eichler’s theorem and the notation above, see [34, Chapter

34] and [45, Section 28.4]. By Theorem 3.1 in [25], the codomain of the nr map above

is a finite abelian group of exponent n.

In order to find the number of idelic cosets above, we need to find nr(N (Λν))

at each finite place. Proposition 4.2.2 gives an algebraic expression for nr(N (Λν)),

which requires knowledge for the normalizer N (Λν) as described in Proposition 3.7.8.

However, computing the normalizer is rather difficult, as we will see in Chapter 3,

so instead we use a geometric approach to finding nr(N (Λν)). Since isomorphic tiled

orders have congruent polytopes, one can partition the convex polytopes congruent

to CΛν into “reflection classes”, where two polytopes are in the same reflection class

if there exists a product of reflections sending one polytope to the other. Theorem

4.3.7 is one of the main results of the thesis, where we show find nr(N (Λν)) in terms

of reflection classes. In particular, for a tiled order Γ in Mn(D) where D is a division
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algebra with uniformizer π ∈ D over a non-archimedean local field k with valuation

ring R, we have

Theorem. Let Γ be a tiled order with tuple (mij`) of structural invariants in lexico-

graphical order, and ordered tuple of types of distinguished vertices (t1, t2, . . . , tn). Let

ξs := diag(πs, 1, . . . , 1) and Γs := ξsΓξ
−1
s . Then there are at most n reflection classes

of polytopes congruent to CΓ, corresponding to the classes of orders

[Γ] = [Γ0] = [(mij`), (t1, t2, . . . , tn)]

[Γ1] = [(mij`), (t1 + 1, t2 + 1, . . . , tn + 1)]

[Γ2] = [(mij`), (t1 + 2, t2 + 2, . . . , tn + 2)]

...

[Γn−1] = [(mij`), (t1 + n− 1, t2 + n− 1, . . . , tn + n− 1)].

In particular, nr(N (Γ)) = (k×)dR× if and only if there are d distinct reflection classes

and [Γs] = [Γt] for s ≡ t (mod d).

We get a full process for finding type numbers in algebras of prime degree p over

K. In particular, at each finite place, there are either one or p such reflection classes,

as shown in Corollary 4.3.9. To determine what is the case at each place, we may

employ the algorithm in Remark 4.3.11, which allows us to avoid the issue of finding

the full group of symmetries of the associated polytope. Since any order is maximal

at all but finitely many places, we only need to repeat this process finitely many

times. Once we have the number of the reflection classes at each prime, we can use

Theorem 4.4.5 to find the type number of the original global order.

The general approach for finding type numbers starts with a general algorithm to

find the number of reflection classes as outlined in Remark 4.3.14. Unfortunately, this
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algorithm doesn’t completely circumvent us from looking for the normalizer N (Λν).

Having this information in hand, we obtain a general class number formula for finding

type numbers in Theorem 4.4.11.

Many of the results in this thesis can be generalized to algebras over general

global fields, however there are various cases that require caution. In addition, not

all such algebras satisfy the Eichler condition, in which case other sets of tools would

be necessary for finding type numbers. Some steps towards a generalization can be

found in Brzezinski [4]. Finally, we could also look at O-orders in A where O is an

arbitrary order in the number field K, but we would need to be careful with their

associated class groups.

8



Chapter 2

Preliminaries

In this chapter, we introduce background concepts and establish notation to be used

throughout. We start with some background in algebraic number theory, for which we

will mostly follow the conventions in [29]. For the idelic theoretic notions, we follow

[24]. Next, we introduce orders in central simple algebras, for which [34] will be the

standard reference. Finally, the bulk of the chapter will consist of an introduction

to a specific class of buildings that will be of interest to us, and we will make use of

results stated in [1], [14, Chapter 19], and [36, Chapter 9].

Section 2.1

Algebraic number theory

Let K be a number field with ring of integers OK . A place (or prime) of K is an

equivalence class of valuations on K; the set of places of K is denoted by Pl(K).

We will use the terms “place” and “prime” interchangeably. The archimedean places

are also called infinite places, and the nonarchimedean places are also referred to as

finite places. Denote the completions of K and OK with respect to a place ν ∈ Pl(K)

9



2.1 Algebraic number theory

by Kν and respectively Oν . If ν is an infinite place, we set Oν := Kν . At each finite

place, Kν is a local field with Oν its valuation ring. Let πν be a uniformizer of Oν .

Next, we introduce some idelic language. Given a finite set of places S of K, we

define the set of S-ideles by

JK,S :=
∏
ν∈S

K×ν
∏
ν 6∈S

O×ν ,

where the superscript × denotes the (multiplicative) unit group.

We denote the idele group of K by

JK :=
⋃

S⊆Pl(K)

S finite

JK,S ⊆
∏
ν

K×ν .

Then

JK = {α = (aν)ν ∈
∏
ν

K×ν : aν ∈ O×ν for all but finitely many ν} =:
∏′

ν

K×ν ,

where
∏′

ν is the restricted product over the places ν of K.

2.1.1. Class groups

A fractional ideal of K is a nonzero, finitely generated OK-submodule a ⊆ K. The

set of fractional ideals forms an abelian group IK . The identity element is (1) = OK ,

and inverses are given by

a−1 = {x ∈ K |xa ⊆ OK}.

10



2.1 Algebraic number theory

Every fractional ideal admits a unique factorization into powers of prime ideals

a =
∏
p

pvp

with vp ∈ Z and vp = 0 for all but finitely many p. The fractional principal ideals

(a) = aOK , a ∈ K× form a subgroup of IK , denoted by PK . The quotient group

Cl(K) = IK/PK

is called the class group of K. The class group is finite when K (see V.1 in [24]),

and we call

h(K) := # Cl(K)

the class number of K.

We can express the class group idelically. Let S∞ be the set of infinite places of

K, and JK,S∞ =
∏

ν∈S∞ K
×
ν

∏
ν 6∈S∞ O

×
ν the S∞-ideles defined before. Then

Cl(K) ∼= JK/K
×JK,S∞ .

Similarly, given any finite set of places T ⊇ S∞ containing the infinite places of

K, we may define the T -ideal class group ClT (K) by

ClT (K) := JK/K
×JK,T .

Note that JK,T = JK,S∞
∏

ν∈T\S∞ K
×
ν , so JK,S∞ ⊆ JK,T . It follows that there exists

a sujective homomorphism Cl(K) � ClT (K), so taking the quotient by the kernel

11



2.1 Algebraic number theory

gives

ClT (K) ∼= Cl(K)/〈[p] : p ∈ T \ S∞〉.

Example 2.1.1. Let K = Q(a) where a is a root of f(x) = x3 − 7. Using SageMath

[43], we see that Cl(K) ∼= Z/3Z. Now let p = (5, a + 2), which is a prime ideal and

therefore corresponds to a place of K, and let T := {p}∪S∞. Since p is non-principal,

all ideal classes in Cl(K) are generated by p, and therefore ClT (K) is trivial.

Remark 2.1.2. Let p and q be two prime ideals in OK such that their ideal classes

coincide, so [p] = [q]. Idelically, if we associate to p the idele (. . . , 1, πp, 1, . . . ),

and to q the idele (. . . , 1, πq, 1, . . . ), where πp ∈ Kp and πq ∈ Kq are uniformizers,

then (. . . , 1, πp, 1, . . . )K
×JK,S∞ = (. . . , 1, πq, 1, . . . )K

×JK,S∞ . But then for any unit

u ∈ O×p and integer a ∈ Z, we have

(. . . , 1, πapu, 1, . . . )K
×JK,S∞ = (. . . , 1, πaq , 1, . . . )K

×JK,S∞ ,

so particular K×p K×JK,S∞ ⊆ K×q K
×JK,S∞ . Similarly, we prove the reverse contain-

ment. Let T1 = {p} ∪ S∞ and T2 = {q} ∪ S∞. Then K×JK,T1 = K×JK,T2 , and

therefore ClT1(K) = ClT2(K).

The final type of class groups we consider are ray class groups. Let Ω be a

subset of real places of K, and let KΩ := {a ∈ K : ν(a) > 0 for all ν ∈ Ω} be the

subset of K consisting of elements of K that are positive at all places in Ω. Let

PΩ = {(a) : a ∈ K×Ω } be the set of principal ideals generated by elements of KΩ.

Define the ray class group modulo Ω to be the quotient ClΩ(K) := IK/PΩ. Idelically

12



2.2 Central simple algebras

(see [29, Prop.1.9, page 365])

ClΩ(K) ∼= JK/

K×∏
ν∈Ω

R×+
∏

ν∈S∞−Ω

K×ν
∏
ν-∞

Oν

 .

For a finite set S of places of K such that S∞ ⊆ S ∪ Ω, define

JK,S,Ω :=
∏
ν∈Ω

R×+
∏
ν∈S

K×ν
∏

ν 6∈S∪Ω

O×ν .

Note that in our previous notation, JK,S∞ = JK,S∞,∅, so we drop the subscript Ω when

Ω is empty. Similarly, we let

ClS,Ω(K) := JK/K
×JK,S,Ω ∼= ClΩ(K)/〈[p] : p ∈ S〉.

Section 2.2

Central simple algebras

In this section, we follow Sections 7 and 9 in [34]. Let K be a field. Let A be an

algebra over K, and denote the center of A by Ac.

Definition 2.2.1. A central simple K-algebra is a simple K-algebra A for which

Ac = K.

We call D a central division algebra over K if D is a central simple algebra

over K such that and D has no zero divisors.

Throughout, we suppose A is finite dimensional overK, and we denote the degree

of A over K by deg(A) :=
√

dimK A.

Any element a ∈ A× determines an inner automorphism of A, where x 7→ axa−1.

13



2.2 Central simple algebras

The Skolem-Noether Theorem asserts that the converse is true, as well:

Theorem 2.2.2 (Skolem–Noether, see (7.21) in [34]). Let K ⊂ B ⊂ A, where B is

a simple subring of a central simple algebra A. Then every K-isomorphism φ of B

onto a subalgebra B̃ of A extends to an inner automorphism of A, that is, there exists

an element a ∈ A× such that

φ(b) = aba−1, for all b ∈ B.

An important corollary is as follows.

Corollary 2.2.3 ((7.23), [34]). Any K-automorphism of A is inner.

The Artin-Wedderburn theorem allows us to classify central simple algebras over

K, and states that every central simple K-algebra is isomorphic to Mn(D) for a

unique central division algebra D over K up to K-algebra isomorphism. When D is

of degree m over K, the degree of A over K is deg(A) = ndeg(D) = mn.

Let a ∈ A, and consider the characteristic polynomial of the linear map corre-

sponding to left multiplication by a on A,

charpolyA/Ka = Xm2n2 − (TA/Ka)Xm2n2−1 + · · ·+ (−1)m
2n2

NA/Ka,

where TA/K is the trace map, and NA/K is the norm map.

In the case of central simple algebras, we also have reduced trace and reduced

norm maps, defined as follows. Under the previous conditions, by Theorems (7.15)

and (7.18) in [34], there exists a separable extension E of K, called a splitting field of

A, such that there is an isomorphism of E-algebras h : E⊗K A ∼= Mmn(E). Given an

14



2.2 Central simple algebras

element a ∈ A, define the reduced characteristic polynomial of a as the characteristic

polynomial of the matrix h(1⊗ a),

red.charpolyA/Ka := charpolyh(1⊗ a).

By Theorem (9.5) in [34], we get charpolyA/Ka = (red.charpolyA/Ka)mn. Then

the reduced characteristic polynomial is given by

red.charpolyA/Ka = Xmn − trA/K(a)Xmn−1 + · · ·+ (−1)mn nrA/K(a),

where

TA/Ka = mn · trA/K(a), NA/Ka = (nrA/K(a))mn.

We call nrA/K(a) the reduced norm of a, and it does not depend on the choice of

splitting field E or isomorphism h. In particular,

nrA/K(a) = det(h(1⊗ a))

is given by the determinant of the matrix in h(1 ⊗ a) ∈ Mmn(E), and is therefore

multiplicative.

2.2.1. Central simple algebras over local fields

The material from this particular subsection is from Sections 12-14 of [34]. Let A be

a central simple algebra over a non-archimedean local field k (with char k = 0) with

a valuation v and valuation ring R, unique maximal ideal P and uniformizer π, such

that the residue field R := R/P is finite. By Artin-Wedderburn, A ∼= Mn(D) for a
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2.2 Central simple algebras

central division algebra D over k of some degree m, so deg(A) = mn. Let ∆ be the

unique maximal R-order in D, equipped with a prime element π such that πm = π.

We have a normalized valuation vD on D, such that (see Equation (13.1) on page

139 of [34])

vD(a) =
1

m
v(ND/ka) =

1

m
v((nrD/k a)m) = v(nrD/k a). (2.1)

As discussed in [34, Section 14], D (and ∆) contain a maximal subfield W ,

which is an unramified extension of k. Moreover, W is a splitting field for D, so

D ⊗k W ∼= Mm(W ). In particular, there is an embedding µ : D ↪→ Mm(W ) which

maps π to

π 7→


0 1 0 . . . 0
0 0 1 . . . 0
. . . . . . .
0 0 0 . . . 1
π 0 0 . . . 0

 ,

so nrD/k(π) = (−1)m−1π. In addition, this embedding gives nrD/k(α) = NW/k(α)

for all α ∈ W . Since NW/k maps the units of the valuation ring RW onto R× (see

Corollary (1.2) on page 319 in [29]), and W is contained in ∆, we have nr(∆) = R.

The map µ induces an embedding µ̂ : Mn(D) ↪→ Mmn(W ) where (aij) ∈ Mn(D)

and (aij) 7→ (µ(aij)). By definition, the reduced norm nrMn(D)/k(x) = det(µ̂(x)). In

particular, by embedding D on the diagonal in Mn(D), it follows that

nrMn(D)/k(x) = (nrD/k(x))n for all x ∈ D (2.2)

Another map on matrices over division rings is the Dieudonné determinant:
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2.2 Central simple algebras

Theorem 2.2.4 (Theorem 2.2.5 [37]). There exists a unique “determinant map”

det : GLn(D)→ D×/[D×, D×],

where [D×, D×] is the commutator subgroup of D×. The Dieudonné determinant has

the following properties:

(a) The determinant is invariant under row additions.

(b) The determinant of the identity matrix is 1.

(c) If A ∈ GLn(D), a ∈ D×, and A′ is obtained from A by (left-)multiplying one of

the rows of A by a, then

det(A′) = ā detA,

where ā denotes the image of a in D×/[D×, D×].

(d) If A,B ∈ GLn(D), then

det(AB) = det(A) det(B).

(e) If A ∈ GLn(D), and if A′ is obtained from A by interchanging two of its rows,

then

detA′ = − detA.

Definition 2.2.5. Define SLn(D) := ker det, the kernel of the determinant map.

We finish this subsection with the following connection between reduced norms

and the Dieudonné determinant in the algebra GLn(D).
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2.2 Central simple algebras

Lemma 2.2.6. Let v and vD be (normalized) valuations on k, and D, and let x ∈

GLn(D). Then

vD(det(x)) = v(nrMn(D)/k(x)).

Proof. Note that v(nrMn(D)/k(x)) = v(det(µ̂(x))), where µ̂ : Mn(D) ↪→ Mmn(W ) is

the embedding discussed earlier. Since both the reduced norm map and the Dieudonné

determinant are multiplicative, and any invertible matrix is a product of elementary

matrices, it suffices to prove the equality for elementary matrices. The claim is

clear for row-addition and row-switching matrices. It remains to check the claim

for row-multiplication matrices. Since both reduced norms and the determinant are

multiplicative, it suffices to consider the diagonal matrix d = diag(y, 1, 1 . . . , 1), for

y ∈ D. Then vD(det(d)) = vD(y), and v(nrMn(D)/k(d)) = v(nrD/k(y)). By Equation

(2.1), the two valuations are equal.

2.2.2. Orders in central simple algebras over number fields

Let A be a central simple algebra of degree n ≥ 3 over a number field K, and let Λ be

an OK-order in A. We denote by Kν and Oν the completions of K, and respectively

OK , at a place ν ∈ Pl(K). Define Aν := Kν ⊗K A and Λν := Oν ⊗R Λ. If ν is an

infinite place, we set Oν := Kν and Λν := Aν .

Consider the set of OK-orders in A locally isomorphic to Λ, called the genus of

Λ. By the Skolem-Noether theorem, this set consists of OK-orders Γ ⊂ A such that

Γν = ξνΛνξ
−1
ν for some ξν ∈ A×ν at all finite places ν of K. Local isomorphisms do not

necessarily lift to global isomorphisms, and we wish to investigate the isomorphism

classes in the genus of Λ. Again, by the Skolem-Noether theorem, Γ and Λ are

isomorphic as OK-orders if they are conjugate, i.e. if Γ = ξΛξ−1 by some ξ ∈ A×.
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2.3 The building for SLr(k)

Let JK be the ideles of K and JA the ideles of A. We have reduced norm

maps nrA/K : A → K and nrAν/Kν : Aν → Kν , which induce nr : JA → JK

where nr((aν)ν) = (nrAν/Kν (aν))ν . Denote the normalizer of Λν by N (Λν) = {ξ ∈

A×ν | ξΛνξ
−1 = Λν}, and the restricted product

∏′
ν N (Λν) := JA ∩

∏
ν N (Λν).

The global isomorphism classes correspond to the double cosetsA×\JA/
∏′

ν N (Λν),

whose cardinality we will denote by G(Λ) and is known as the type number of Λ. Since

A is of degree n ≥ 3 over a number field, it satisfies the Eichler condition. As a con-

sequence of strong approximation, the reduced norm induces a bijection

nr : A×\JA/
∏′

ν

N (Γν)→ K×\JK/ nr(
∏′

ν

N (Γν)) = JK/K
× nr(

∏′

ν

N (Γν)). (2.3)

For more details, see Chapter 34 in [34] and Section 28.4 in [45]. Since the codomain

has the structure of an abelian group, we can more easily perform the idelic calcula-

tions.

Section 2.3

The building for SLr(k)

Let k be a non-archimedean local field with valuation ring R, maximal ideal P and

uniformizer π. Let D be a central division algebra of degree m over k, with unique

maximal R-order ∆, and prime element π ∈ ∆ such that πm = π. In this section, we

construct the building for SLn(D) following Chapter 9 in [36].

Consider the free left Mn(D)-module V := Dn. A lattice in V is a free (left) ∆-

submodule L ⊂ V such that D ⊗∆ L = V . We call two lattices L and L′ homothetic

if there exists a ∈ D× such that L′ = aL. This is clearly an equivalence relation, and
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2.3 The building for SLr(k)

we will denote the homothety class of L by [L].

The building for SLn(D) can be equipped with the structure of a simplicial com-

plex, defined as follows. Its vertices are the set of homothety classes [L] of lattices.

There is an edge between two vertices x and y if there exists a lattice L in the class

of x and a lattice L′ in the class of y such that

πL ( L′ ( L.

The s-simplices are given by flags

πL1 ( Ls+1 ( · · · ( L2 ( L1.

The maximal (n− 1)-simplices are called chambers.

The group GLn(D) acts transitively on the set of ∆-lattices in Dn, preserving

homothety classes, and therefore acts on the building. Moreover, it also preserves

adjacency relations, and left multiplication by ξ ∈ GLn(D) is therefore a simplicial

map.

Definition 2.3.1. Let g ∈ GLn(D). We define the type of the matrix g by

t(g) := vD(det(g)) (mod n),

where det is the Dieudonné determinant.

We extend types to vertices in the building. Start with some lattice L0, and assign

it type 0. We denote this by t(L0) ≡ 0 (mod n). Any other lattice in Dn is of the
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2.3 The building for SLr(k)

form ξL0 for some ξ ∈ GLn(D), and we assign

t(ξL0) := t(ξ) ∈ Z/nZ.

This implies that for any ζ ∈ GLn(D) and any lattice L ⊂ Dn,

t(ζL) ≡ t(ζ) + t(L) (mod n). (2.4)

The type map is well-defined on homothety classes, since given any a ∈ D×, we have

t(aL) ≡ n ·vD(a)+t(L) ≡ t(L) (mod n), and we will denote t([L]) ≡ t(L). Therefore,

we have a well-defined type function for any vertex in the building. In addition, the

action of SLn(D) on the building is type-preserving.

Recall that π∆ = ∆π, so πm1∆f1 ⊕ · · · ⊕ πmn∆fn = ∆πm1f1 ⊕ · · · ⊕ ∆πmnfn

for any basis {f1, . . . , fn} of V . As described in [36, page 116], given a chamber

represented by a flag L0 ) · · · ) Ln−1 ) πL0, we can find a basis e1, . . . , en for Dn

such that

L0 = ∆e1 ⊕∆e2 ⊕ · · · ⊕∆en

L1 = ∆πe1 ⊕∆e2 ⊕ · · · ⊕∆en

· · ·

Ln−1 = ∆πe1 ⊕∆πe2 ⊕ · · · ⊕∆πen−1 ⊕∆en.

In particular note that the diagonal matrices di = diag(π, . . . ,π,︸ ︷︷ ︸
i times

1, . . . , 1) give

Li = diL0, so t(Li) = i. Therefore, in any chamber, all vertices have distinct types.

Take a basis {e1, . . . , en} ofDn. We define the apartmentA to be the subcomplex

of the building whose vertices correspond to homothety classes of lattices ∆πm1e1 ⊕

∆πm2e2 ⊕ · · · ⊕ ∆πmnen, for mi ∈ Z. Such homothety classes are obtained by
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2.3 The building for SLr(k)

left multiplying the lattice L0 := ∆e1 ⊕ ∆e2 ⊕ · · · ⊕ ∆en with the diagonal matrix

diag(πm1 ,πm2 , . . . ,πmn). Assigning L0 type 0, we have

t(∆πm1e1 ⊕∆πm2e2 ⊕ · · · ⊕∆πmnen) ≡
n∑
i=1

mi (mod n).

Remark 2.3.2. To simplify our notation, we will denote the lattice

L = ∆πm1e1 ⊕∆πm2e2 ⊕ · · · ⊕∆πmnen

by the tuple L = (m1,m2, . . . ,mn), and the homothety class by [L] = [m1, . . . ,mn].

Two lattices given by the tuples (m1, . . . ,mn) and (`1, . . . , `n) are homothetic if and

only if there exists r ∈ Z such that mi − `i = r for all i ≤ n. In particular,

[m1, . . . ,mn] = [0,m2 − m1, . . . ,mn − m1], and we can identify each vertex in A

by a unique n-tuple in Zn whose first entry is 0.

Then A is a tessellation of Rn−1 by chambers, where each vertex [m1, . . . ,mn] =

[0,m2−m1, . . . ,mn−m1] lies on the hyperplanes xi−xj = (mi−m1)− (mj −m1) =

mi − mj where i 6= j. We will refer to the vertex [0, 0, . . . , 0] as the origin of the

apartment A, and the origin is at the intersection of all hyperplanes of the form

xi−xj = 0 where i 6= j. In Figure 2.1, we see a piece of an apartment in the building

for SL3(D), which is a tessellation of R2 by equilateral triangles. The emphasized

lines correspond to the hyperplanes x1 − x3 = 0 and x1 − x2 = −1.

We have a few actions on the apartment A, each of them given by left multi-

plication of the homothety class corresponding to a vertex by a monomial matrix.

Monomial matrices, also known as generalized permutation matrices, are matrices

with precisely one nonzero entry in each row and column. There are two kinds of
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2.3 The building for SLr(k)

Figure 2.1: Actions on an apartment.

[0, 2,−3] [0, 2,−2] [0, 2,−1] [0, 2, 0] [0, 2, 1] [0, 2, 2] [0, 2, 3]

[0, 1,−3] [0, 1,−2] [0, 1,−1] [0, 1, 0] [0, 1, 1] [0, 1, 2]

[0, 0,−4] [0, 0,−3] [0, 0,−2] [0, 0,−1] [0, 0, 0] [0, 0, 1] [0, 0, 2]

[0,−1,−4] [0,−1,−3] [0,−1,−2] [0,−1,−1] [0,−1, 0] [0,−1, 1]

[0,−2,−5] [0,−2,−4] [0,−2,−3] [0,−2,−2] [0,−2,−1] [0,−2, 0] [0,−2, 1]

actions on the apartment that we will often use. The first kind of action is induced by

left-multiplication by diagonal matrices, which act as a translation on the apartment.

Lemma 2.3.3. The diagonal matrix diag(πa1 ,πa2 , . . . ,πan) induces an action on the

apartment by translating each vertex [L] = [m1, . . . ,mn] 7→ [m1 + a1, . . . ,mn + an].

In Figure 2.1, multiplication by diag(1,π,π5) induces a translation of the apart-

ment, where the red vertex is translated to the yellow vertex, and the blue vertex is

translated to the green vertex.

The second kind of action is given by reflections with respect to hyperplanes in

the apartment, which as we will see are type-preserving:

Lemma 2.3.4. Fix an apartment in the building for SLn(D), and let H be the hy-

perplane in the apartment given by the equation xr − xs = a. Then the matrix ξr,s,a

defined by

(ξr,s,a)ij = (πβiδσ(i)j)
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2.3 The building for SLr(k)

where δij is the Kronecker delta, σ = (rs) and

βi =


0 if both i 6= r and i 6= s

a if i = r

−a if i = s

corresponds to the reflection with respect to H. In addition, the action on the apart-

ment is type-preserving.

Proof. A reflection with respect to any hyperplane is a composition of two transforma-

tions: a reflection with respect to the hyperplane going through the origin xr−xs = 0,

and a translation. The reflection with respect to xr−xs = 0 is given by the elementary

matrix er,s, obtained by interchanging the rth and sth rows in the identity matrix.

The matrix for the translation is a diagonal matrix, whose entries are determined by

the image of the origin [0, 0, . . . , 0] under the reflection with respect to H. Since the

origin gets mapped to [0, . . . , a, . . . ,−a, . . . , 0], where a is in the r position, and −a

in the s position, this translation corresponds to the diagonal matrix dr,s,a = (πβiδij),

where

βi =


0 i 6= r and i 6= s

a i = r

−a i = s.

Then ξr,s,µ = dr,s,µ · er,s = (πβiδσ(i)j), and indeed the action is type-preserving

since t(ηr,s,µ) = a− a = 0.

In Figure 2.1, the reflection with respect to the hyperplane x1−x3 = 0 is given by
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2.3 The building for SLr(k)

the permutation matrix

0 0 1
0 1 0
1 0 0

, and the reflection with respect to the hyperplane

x1 − x2 = −1 by the monomial matrix

0 π−1 0
π 0 0
0 0 1

.

Products of these actions create more intricate actions, such as rotations in the

apartment. In Figure 2.2, the monomial matrix

0 0 1
1 0 0
0 π−1 0

 induces a clockwise

rotation of the outlined polytopes.

Figure 2.2:

[0, 1,−2] [0, 1,−1] [0, 1, 0] [0, 1, 1] [0, 1, 2]

[0, 0,−3] [0, 0,−2] [0, 0,−1] [0, 0, 0] [0, 0, 1]

[0,−1,−3] [0,−1,−2] [0,−1,−1] [0,−1, 0] [0,−1, 1]

We make the following observation about the action of monomial matrices with

type 0:

Lemma 2.3.5. Any monomial matrix of type 0 acts as a product of reflections on

the apartment A.

Proof. Any monomial matrix decomposes as a product of a diagonal and a permuta-

tion matrix. Permutation matrices correspond to products of reflections with respect

to hyperplanes going through the origin, so it suffices to prove the claim for diagonal

matrices. In addition, GLn(D) acts simplicially on the building, so it suffices to show

any diagonal matrix of type 0 will act as a product of reflection on some chamber.
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2.3 The building for SLr(k)

By Lemma 2.3.3, any diagonal matrix induces a translation on the apartment.

Fix a chamber C in A, and denote the vertices of C by [Li]. Let C ′ be the translation

of C under d, with vertices [L′i] = d[Li]. Since we assume that t(d) = 0, it follows

that t(Li) = t(L′i) for all i.

We have an additional action on the apartment sending C to C ′. In particular,

in any building, one can connect any two chambers by a product of reflections (see

Example 4.3.4). Let ξ := ξr1,s1,a1ξr2,s2,a2 . . . ξr`,s`,a` correspond to such a product of

reflections sending C to C ′, and let [L′′i ] = ξ[Li]. Then t(ξ) = 0, and t(Li) = t(L′′i ).

Since all the vertices in a chamber have distinct types, so it must be true that

[L′i] = [L′′i ] for all i ≤ n, so ξ and d act the same on the chamber C in A. Therefore,

ξ and d must give the same action on A, and we have proven our claim.

We have a connection between orders in the algebra Mn(D) and vertices in the

building. Recall the lattice L0 = ∆e1 ⊕ · · · ⊕ ∆en. The ring of linear transforma-

tions End∆(L0) is a maximal order, which we can identify with Mn(∆) (for more

details, see [34, page 170]). By [34, (17.4)], any other maximal order Λ is of the

form ξMn(∆)ξ−1 = End∆(ξL0) for some ξ ∈ GLn(D). Moreover, by embedding

D× ↪→ GLn(D) diagonally, it follows that for any a ∈ D×, we have End∆(aL0) =

aMn(∆)a−1 = Mn(a∆a−1) = Mn(∆), since ∆ is the unique maximal R-order in D,

so we have a correspondence

vertices in the building for SLn(D)

l

homothety classes of lattices [L] in Dn

l

maximal orders in Mn(D).

26



2.3 The building for SLr(k)

This correspondence will allow us to investigate some special classes of orders in

Mn(D), as shown in the following example.

Example 2.3.6. We construct the Bruhat-Tits tree for SL2(Qp), which is the build-

ing in th case n = 2. Fix a basis {e1, e2} and identify M2(Zp) with the homothety

class of the lattice L0 = Zpe1 ⊕ Zpe2. The building for SL2(Qp) is a (p + 1)-regular

tree, where the neighbors of a vertex [L] are given by the homothety classes [ξL], for

ξ ∈
{(

p 0
0 1

)
,

(
1 a
0 p

)
, a ∈ Z/pZ

}
.

For example, for p = 2, the three neighbors of L0 = Z2e1 ⊕ Z2e2 are

Z2(2e1)⊕ Z2e2

Z2e1 ⊕ Z2(2e1 + 2e2) = Z2e1 ⊕ Z2(2e2)

Z2(2e1)⊕ Z2(e1 + e2).

Using rather ad-hoc notation (which we won’t use in the rest of the thesis), we

denote them by {2e1, e2}, {e1, 2e2} and {2e1, e1+e2}. We can get subsequent neighbors

inductively.

{e1, e2}

{2e1, e2}{e1, 2e2}

{2e1, e1 + e2}
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2.3 The building for SLr(k)

We say an order Γ ⊂ M2(Qp) is an Eichler order if it can be written as the

intersection of two maximal orders. Consider the Eichler order

Γ =

(
Z2 2Z2

Z2 Z2

)
=

(
Z2 Z2

Z2 Z2

)
∩
(

Z2 2Z2

2−1Z2 Z2

)
.

Since the maximal order
(

Z2 2Z2

2−1Z2 Z2

)
∼= EndZ2(Z22e1 ⊕ Z2e2), we can associate to

Γ the path in the tree from {e1, e2} to {2e1, e2}. Let ω =

(
0 2
1 0

)
, then

ωΓω−1 = ω

(
Z2 Z2

Z2 Z2

)
ω−1∩ω

(
Z2 2Z2

2−1Z2 Z2

)
ω−1 =

(
Z2 2Z2

2−1Z2 Z2

)
∩
(
Z2 Z2

Z2 Z2

)
= Γ.

More generally, any element of the normalizer N (Γ) = {ξ ∈ GL2(Q) : ξΓξ−1 = Γ}

will act on the path by either fixing it, or swapping the two extremal vertices.
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Chapter 3

Tiled orders and their convex

polytopes

The class of orders which we investigate in this work is motivated by previous calcu-

lations of type numbers of Eichler orders in quaternion algebras, such as the works

of Eichler [8], Peters [30], Pizer [31], and Vignéras [44]. In particular, for a (global)

Eichler order Γ, one important ingredient for computing type numbers are the nor-

malizers of local orders Γν . As seen in Example (2.3.6), one can associate to each

completion Γν , a path in the tree for SL2(Dν), on which the normalizer of Γν will act

by interchanging the extremal vertices.

Based on the combinatorial description of (local) Eichler orders from Example

(2.3.6), we introduce a suitable generalization for orders in central simple algebras of

degree n ≥ 3 over non-archimedean local fields and study some of their arithmetic

and algebraic properties. The generalization we introduce yields what we will call

tiled orders, which are known under various names, and have been studied in many

contexts.
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Tiled orders and their convex polytopes

Let us establish some notation. We consider the central simple k-algebra B :=

Mn(D), where D is a central division algebra of degree m over a non-archimedean

local field k. We denote the valuation ring of k by R, which has a unique maximal

ideal P and uniformizer π, and we denote by ∆ the unique maximal R-order in D,

with a prime element π ∈ ∆ such that πm = π, and by p := π∆ = ∆π the unique

two-sided ideal of ∆ (see Section 14 in [34]). We pick a basis {e1, . . . , en} of Dn as a

free left D-module, and fix the apartment A in the building for SLn(D) determined

by this basis.

We will consider orders of the form Γ = (pµij) in Mn(D), where µij ∈ Z and

µii = 0 for all i ≤ n. In [39], Shemanske associates to each such tiled order a convex

polytope CΓ in the apartment A. It turns out, we can study the order Γ, which is an

algebraic object, by studying CΓ, which is mainly a combinatorial construction.

To study properties of the polytope CΓ, we embark on investigating structural

invariantsmij` := µij+µj`−µi` ≥ 0. Introduced by Zassenhaus in [47], they determine

the isomorphism class of Γ. In fact, they also determine geometric data for the

associated polytope CΓ, and in particular the congruence class of CΓ. This allows

us to determine algebraic properties for a given isomorphism class of tiled orders by

examining geometric and combinatorial properties of the corresponding congruence

class of polytopes.

In Sections 3.4-3.6, we study how certain algebraic properties of tiled orders man-

ifest themselves in the associated polytopes. In particular, by Proposition 3.4.3, an

order Γ ⊂ Mn(D) is hereditary if and only if it is tiled and its polytope is a simplex

in the building for SLn(D). In addition, every order in Mn(D) has a canonical chain

of overorders, called the radical idealizer chain terminating in a hereditary order.
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Tiled orders and their convex polytopes

Proposition 3.5.6 gives a geometric interpretation for each of the overorders in the

chain.

After this brief detour, we return to investigate isomorphisms of tiled orders in

terms of actions on the associated polytopes. Let N (Γ) = {ξ ∈ GLn(D) : ξΓξ−1 = Γ}

be the normalizer of Γ in GLn(D). In [40], Shemanske shows that one may study the

normalizer N (Γ) = {ξ ∈ GLn(D) : ξΓξ−1 = Γ} by studying the symmetries of CΓ. In

Section 2.8, we consider the case Γ ⊆Mn(k); Haefner and Pappacena prove in [15] that

R-automorphisms of Γ give automorphisms of an associated multigraph Q(Γ), which

we will call quivers. In Theorem 3.9.3, we associate to each Γ a tiled order Γc, obtained

by scaling the polytope CΓ by n and then translating it in a convenient manner. Its

polytope has the same symmetries as CΓ, which also induce automorphisms of an

associated valued quiver Qv(Γc). In addition, the exponent matrix of Γc makes the

symmetries more transparent. The main results in the chapter can be summarized

in the following theorem, which is a combination of Proposition 3.7.8 and Theorem

3.9.3.

Theorem. Consider a tiled order Γ = (pµij) in Mn(D) with structural invariants

mij`.

(a) Let H := {σ ∈ Sn : mij` = mσ(i)σ(j)σ(`) for all i, j, ` ≤ n}. Then N (Γ) =⋃
σ∈H ξσD

×Γ×, where ξσ := (πµi1−µσ(i)σ(1)).

(b) Let Γc := (pνij) be the centered tiled order associated to Γ, where νij :=
∑n

`=1mij`.

Then H = {σ ∈ Sn : νij = νσ(i)σ(j) for all i, j ≤ n}.

(c) When Γ ⊆ Mn(k), there is a group isomorphism between H and the automor-

phisms of the valued quiver Qv(Γc).
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Since each σ ∈ H gives a monomial matrix ξσ which induces an automorphism of Γ

and acts by rigid motions on CΓ, we refer to them as the “symmetries of CΓ”. Theorem

3 has several corollaries describing normalizers of tiled orders. In particular, by

Corollary 3.9.7, if Γ is hereditary and its polytope is a chamber, then N (Γ)/D×Γ× ∼=

Z/nZ. Finally, Corollary 3.10.1 states that 2-transitive proper subgroups of Sn are

not eligible as symmetry groups of convex polytopes.

Section 3.1

Definitions

We first give a geometric definition of a tiled order. Consider the free left D-module

Dn. Construct the building for SLn(D) as in Chapter 2, where the vertices of the

building are in correspondence to the set of homothety classes [L] of free left ∆-

lattices in Dn, and therefore with the set of maximal orders End∆(L). Take a basis

{e1, . . . , en} of Dn and let A be the apartment in the building for SLn(D) whose

vertices are homothety classes [L], where L = πm1∆e1 ⊕ πm2∆e2 ⊕ · · · ⊕ πmn∆en =

∆πm1e1 ⊕ ∆πm2e2 ⊕ · · · ⊕ ∆πmnen is a free left ∆-lattice. We denote the lattice

L by L = (m1,m2, . . . ,mn), and the homothety class by [L] = [m1,m2, . . . ,mn] =

[0,m2 −m1, . . . ,mn −m1].

Definition 3.1.1. We say an order Γ ⊆ Mn(D) is tiled if Γ =
⋂r
i=1 End∆(Li) is the

intersection of finitely many maximal orders Λi := End∆(Li), whose corresponding

vertices [Li] are in a fixed apartment A.

Let L0 = ∆e1⊕· · ·⊕∆en be denoted by (0, 0, . . . , 0), and assign it type t(L0) = 0.

Identify the vertex [L0] = [0, 0, . . . , 0] with Mn(∆) = End∆(L0). Then any other

vertex in the apartment A corresponds to a homothety class [ξL0] = [m1,m2, . . . ,mn]
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3.1 Definitions

where ξ = (πmiδij) ∈ GLn(D) is a diagonal matrix. The maximal order corresponding

to [ξL0] = [m1, . . . ,mn] is given by

ξMn(∆)ξ−1 =


∆ pm1−m2 · · · pm1−mn

pm2−m1 ∆ · · · pm2−mn

...
... . . . ...

pmn−m1 pmn−m2 · · · ∆

 .

More generally, if Γ = ∩rΛr, r ∈ Z>0, is the intersection of finitely many maximal

orders where Λr = (pm
(r)
i −m

(r)
j ), we get Γ = (pµij) for µij = maxr(m

(r)
i −m

(r)
j ). Note

that

µii = 0, for all i ≤ n.

Since Γ is an intersection of finitely many orders, it is an order, and therefore closed

under multiplication. This forces

µij + µj` ≥ µi`, for all i, j, ` ≤ n. (3.1)

Definition 3.1.2. Let S = (pmij) ⊆ Mn(D) be the subset of matrices where the

(i, j)th entry belongs to pµij for any µij ∈ Z. We denote by MS = (mij) the exponent

matrix of S.

In particular, we will often use the exponent matrix MΓ of a tiled order Γ, but

the definition above applies to subsets that are not necessarily orders in Mn(D).

Example 3.1.3. Recall the lattice L0 = (0, 0, . . . , 0) corresponding to the maxi-

mal order Mn(∆). Take n = 3, and let Λ1, Λ2 and Λ3 be the maximal orders

Λ1 = ξ1M3(∆)ξ−1
1 = End∆(ξ1L0) for ξ1 =

1 0 0
0 π 0
0 0 π2

, Λ2 = ξ2M3(∆)ξ−1
2 =
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3.1 Definitions

Figure 3.1:

[0, 2,−3] [0, 2,−2] [0, 2,−1] [0, 2, 0] [0, 2, 1] [0, 2, 2] [0, 2, 3]

[0, 1,−3] [0, 1,−2] [0, 1,−1] [0, 1, 0] [0, 1, 1] [0, 1, 2]

[0, 0,−4] [0, 0,−3] [0, 0,−2] [0, 0,−1] [0, 0, 0] [0, 0, 1] [0, 0, 2]

[0,−1,−4] [0,−1,−3] [0,−1,−2] [0,−1,−1] [0,−1, 0] [0,−1, 1]

[0,−2,−5] [0,−2,−4] [0,−2,−3] [0,−2,−2] [0,−2,−1] [0,−2, 0] [0,−2, 1]

End∆(ξ2L0) for ξ2 =

1 0 0
0 π−1 0
0 0 π

, and Λ3 = ξ3M3(∆)ξ−1
3 = End∆(ξ3L0) for

ξ3 =

1 0 0
0 π−1 0
0 0 π−2

. The corresponding exponent matrices are given by

MΛ1 =

0 −1 −2
1 0 −1
2 1 0

 MΛ2 =

 0 1 −1
−1 0 −2
1 2 0

 MΛ3 =

 0 1 2
−1 0 1
−2 −1 0

 ,

and the vertices emphasized in Figure 3.1 then correspond to the homothety classes

[L1], [L2] and [L3] and therefore to the maximal orders Λ1,Λ2 and Λ3.

Then Γ = Λ1 ∩ Λ2 ∩ Λ3 has exponent matrix

MΓ =

0 1 2
1 0 1
2 2 0

 .
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3.1 Definitions

There are a few equivalent definitions of tiled orders, which we will use in proofs

depending on our purposes.

Proposition 3.1.4 (Plesken [33], Shemanske [39], Tarsy [41]). Let Γ ⊆Mn(D) be an

order. The following statements are equivalent:

(a) Γ is tiled.

(b) Γ is an intersection of finitely many maximal orders, whose corresponding ver-

tices lie in a fixed apartment.

(c) Γ contains a conjugate of the diagonal ring


∆

∆
. . .

∆

.

(d) Γ contains a set of primitive orthogonal idempotents ε1, . . . , εn with ε1+· · ·+εn =

1 ∈Mn(D), such that εiΓεi is a maximal order in εiMn(D)εi for i = 1, . . . , n.

(e) Γ is conjugate to an order of the form (pµij) with

µii = 0 for all i ≤ n

µij + µj` ≥ µi` for all i, j, ` ≤ n.

Most of the results in this thesis consider tiled orders of the form (pµij) with µij as

described above, and therefore implicitly assume the tiled order is an intersection of

maximal orders
⋂r
i=1 End∆(Li), where the vertices/homothety classes [Li] lie in the

fixed apartment A. In any case, by Proposition 3.1.4, any tiled order Γ is conjugate

to an order of this form, so up to a change of apartment, we may always assume

Γ = (pµij) as in the proposition above.
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3.1 Definitions

Now that we have an algebraic characterization of tiled orders, let Γ = (pµij) be a

tiled order. The hyperplanes Hij := xi − xj = µij bound a convex region in Rn−1. In

[39], Shemanske defines CΓ to be the convex polytope determined by the inequalities

−µji ≤ xi−xj ≤ µij. Let CΓ be the closure in Rn−1 of CΓ. In [39], it is shown that Γ

is the intersection of all the maximal orders whose vertices lie on CΓ, and that CΓ is

the convex hull of any set of vertices [Li] in the apartment such that Γ = ∩iEnd∆(Li).

In Example 3.1.3, CΓ is determined by the inequalities

−1 ≤ x1 − x2 ≤ 1

−2 ≤ x1 − x3 ≤ 2

−2 ≤ x2 − x3 ≤ 1.

Then CΓ given by the shaded region in Figure 3.1, and corresponds to the convex

hull of the lattices given by the columns of MΓ. We can check that any maximal

order whose corresponding vertex is on CΓ contains Γ; for example M3(∆) is such a

maximal order, corresponding to the vertex [0, 0, . . . , 0].

Definition 3.1.5. Let Γ be a tiled order. We say Γ has full geometric rank if CΓ

is (n− 1)-dimensional in Rn−1.

Example 3.1.6. Consider the tiled orders Γ1,Γ2 and Γ3 with exponent matrices

MΓ1 =

0 −2 −2
2 0 0
2 0 0

 MΓ2 =

0 2 1
0 0 −1
1 1 0

 MΓ2 =

0 0 2
1 0 2
0 0 0

 .

The polytopes are shown in Figure 3.2, where CΓ1 is in red, CΓ2 in green, and CΓ3 in

blue. Of the three, only Γ3 has full geometric rank, while Γ1 and Γ2 do not.
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3.2 Distinguished vertices

Figure 3.2:

[0, 2,−3] [0, 2,−2] [0, 2,−1] [0, 2, 0] [0, 2, 1] [0, 2, 2] [0, 2, 3]

[0, 1,−3] [0, 1,−2] [0, 1,−1] [0, 1, 0] [0, 1, 1] [0, 1, 2]

[0, 0,−4] [0, 0,−3] [0, 0,−2] [0, 0,−1] [0, 0, 0] [0, 0, 1] [0, 0, 2]

[0,−1,−4] [0,−1,−3] [0,−1,−2] [0,−1,−1] [0,−1, 0] [0,−1, 1]

[0,−2,−5] [0,−2,−4] [0,−2,−3] [0,−2,−2] [0,−2,−1] [0,−2, 0] [0,−2, 1]

Lemma 3.1.7. Γ = (pµij) is has full geometric rank if and only if µij + µji > 0 for

all i 6= j and i, j ≤ n.

Proof. CΓ is (n− 1)-dimensional if and only if all the pairs of bounding hyperplanes

have distinct opposite hyperplanes Hij 6= Hji, if and only if µij 6= −µji for all i 6=

j.

Section 3.2

Distinguished vertices

We have seen in the previous section that CΓ may contain many vertices, but we do

not need to know all of them to reconstruct the tiled order or its polytope. There is

a set of vertices that will be of importance to us, described in Remark II.4 in [33].

Proposition 3.2.1 (Plesken, [33]). Let Γ = (pµij) ⊆ Mn(D) be a tiled order. Recall

the notation from Remark 2.3.2.
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3.2 Distinguished vertices

(a) The set of all nonzero Γ-lattices in Dn is given by all

L = (m1,m2, . . . ,mn) with mi −mj ≤ µij for all 1 ≤ i, j ≤ n.

(b) Any two Γ-lattices L1 = (m1, . . . ,mn) and L2 = (l1, . . . , ln) are isomorphic if

and only if there exists an integer t ∈ Z such that mi− li = t for all i ≤ n, that

is, when L1 and L2 are in the same homothety class.

(c) Each projective indecomposable Γ-lattice is irreducible and isomorphic to P` =

(µ1`, µ2`, . . . , µn`), where P` is given by the `-th column of MΓ.

(d) Similarly, each injective indecomposable Γ-lattice is irreducible and isomorphic

to R` = (−µ`1,−µ`2, . . . ,−µ`n) given by the `-th row of −MΓ.

In fact, each Γ-lattice in Dn described above is indecomposable. Suppose we have

L = L1⊕L2 for some Γ-sublattices L1, L2 ⊆ L. Then D⊗∆L = (D⊗∆L1)⊕(D⊗∆L2)

is an Mn(D) = (D ⊗∆ Γ)-module in Dn. But D ⊗∆ L = Dn is an irreducible

Mn(D)-module, so either D ⊗∆ L1 = {0} or D ⊗∆ L2 = {0}. Since ∆ and D are

indecomposable and torsion-free, this means either L1 = {0} or L2 = {0}

Since CΓ is bounded by the hyperplanes xi− xj = µij, statement (a) from Propo-

sition 3.2.1 implies that each Γ-lattice in Dn corresponds to a vertex on CΓ. Can

we say more about the vertices corresponding to classes of projective and injective

indecomposable Γ-lattices?

Consider the homothety classes and their corresponding vertices

[P`] = [µ1`, µ2`, . . . , µn`] = [0, µ2` − µ1`, . . . , µn` − µ1`], for 1 ≤ ` ≤ n.
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3.2 Distinguished vertices

defined in Proposition 3.2.1.

Proposition 3.2.2 (Shemanske, [40]). The vertices [P1], [P2], . . . , [Pn] defined above

are extremal points on CΓ, and they uniquely determine CΓ (and therefore Γ).

Proof. We follow the proof from Proposition 2.2. in [40]. First, we need each [P`]

to lie on the polytope. This amounts to checking that its ith and jth entries satisfy

−µij ≤ xi − xj ≤ µij. Since

µji + µi` ≥ µj`

µij + µj` ≥ µi`

it follows that indeed

−µji ≤ µi` − µj` ≤ µij.

Next, we need each [P`] to be at the intersection of bounding hyperplanes for CΓ.

In fact, we claim that [P`] is at the intersection of the (affine) hyperplanes
⋂
i 6=`

Hi`,

where Hi` is a bounding hyperplane defined by xi − x` = µi` when i 6= `. Recall that

[P`] = [µ1`, µ2`, . . . , µn`], so [P`] lies on each of the hyperplanes xi−x` = µi`−µ`` = µi`,

and each [P`] is therefore an extremal vertex of CΓ.

Arranging P1, . . . , Pn as the columns of MΓ, we see that these vertices give the

bounds which determine CΓ. Since each convex polytope uniquely determines a tiled

order Γ, the [P`]’s determine Γ as well.

As we have seen, the set of vertices [P`] is quite special. In addition, the corre-

sponding maximal orders allow us to reconstruct Γ.
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3.2 Distinguished vertices

Lemma 3.2.3 (Shemanske, [40]). Let Γ = (pµij) be a tiled order with convex polytope

CΓ. Then Γ = ∩n`=1Λ`, where the Λ` are the maximal orders corresponding to the

vertices [P`] of CΓ.

Proof. The proof follows from that of Proposition 2.2. in [40]. Each of the distin-

guished vertices has corresponding maximal order Λ` = (pµi`−µj`). Since µi`−µj` ≤ µij

by Equation (3.1), we see that max`(µi` − µj`) = µij by setting ` = j. Therefore,

∩n`=1Λ` = (pµij) = Γ.

From now on, we will refer to the vertices [P`] as the distinguished vertices of CΓ.

Remark 3.2.4. We get similar results if instead we consider the homothety classes and

the vertices given by

[R`] = [−µ`1,−µ`2, . . . ,−µ`n] = [0, µ`1 − µ`2, . . . , µ`1 − µ`n] for 1 ≤ ` ≤ n,

defined in Proposition 3.2.1. These vertices are also extremal and each [R`] is at

the intersection of the hyperplanes ∩j 6=`H`j for j 6= ` (therefore, in a way, opposite

to the vertices [P`]), uniquely determine CΓ (and Γ), and the intersection of their

corresponding maximal orders is equal to Γ. We will touch more upon this duality

between the two sets of vertices later in the chapter.

Shemanske showed in [39] that Γ is the intersection of all the maximal orders

whose vertices lie on and in CΓ, and that there is a one-to-one correspondence between

convex polytopes in the apartment and tiled orders associated to the apartment. It

makes sense to investigate which algebraic properties of the order can be interpreted

in terms of properties of its corresponding polytope, especially since as we shall see

next, isomorphisms of tiled orders can be interpreted as actions on the polytope by
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3.2 Distinguished vertices

rigid motions.

Let {eii}ni=1 be the set of orthogonal primitive idempotents given by the matrices

with a one in the (i, i) position, and zeros everywhere else. Since any tiled order

Γ = (pµij) contains the above complete set of orthogonal idempotents, and eiiΓeii ∼= ∆

is a local ring, tiled orders are semiperfect rings (see [26]). Proposition 3 on p.77 in

[23] states the following result.

Lemma 3.2.5 (Lambek, [23]). Let S be a semiperfect ring. If {εi}mi=1 and {fj}lj=1

are complete sets of primitive orthogonal idempotents of S then m = l, and there

exist a unit u of S and a permutation σ of {1, . . . ,m} such that uεiu−1 = fσ(i) for all

i = 1, . . . ,m.

Using this lemma, Fujita and Yoshimura provide the following criterion for iso-

morphic tiled orders:

Theorem 3.2.6 (Fujita-Yoshimura, [13]). Let Γ = (pµij) and Γ′ = (pµ
′
ij) be two tiled

orders. Then Γ and Γ′ are isomorphic as rings if and only if there exists a diagonal

matrix d and a permutation matrix wσ such that dwσΓw−1
σ d−1 = Γ′.

Remark 3.2.7. By the Skolem-Noether theorem, each isomorphism of orders ψ : Γ→

Γ′ corresponds to conjugation by an element ξ ∈ GLn(D). In the proof of Theo-

rem 3.2.6, Fujita and Yoshimura make use of the following commutative diagram of

isomorphisms
Γ Γ′ = ξΓξ

ξσΓξ−1
σ u−1ξΓξ−1u

ψ

where ξσ := dwσ is the product of the diagonal and the permutation matrix from

the statement of the theorem, and u ∈ Γ′× is a unit from Lemma 3.2.5 such that
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3.2 Distinguished vertices

ψ(eii) = ueσ−1(i)σ−1(i)u
−1, and show that Γ′ = ξσΓξ−1

σ = u−1ξΓξ−1u.

The idempotents {eii}ni=1 have the following trajectory under this commutative

diagram
eii ueσ−1(i)σ−1(i)u

−1

eσ−1(i)σ−1(i) eσ−1(i)σ−1(i)

ψ

.

Corollary 3.2.8. Let N (Γ) be the normalizer of Γ in GLn(D). Then the map

N (Γ)→ Sn

ξ 7→ σ,

where ξeiiξ−1 = ueσ−1(i)σ−1(i)u
−1 for some unit u ∈ Γ×, is a homomorphism.

We have seen that conjugation by an element in GLn(D) induces an action on

the building, since conjugating a maximal order corresponds to left-multiplying its

corresponding homothety class. To investigate how the isomorphism in Theorem 3.2.6

acts on the distinguished vertices, we start with the following lemma:

Lemma 3.2.9. Let Γ and Γ′ be two tiled orders with polytopes in our fixed apartment

A with distinguished vertices [Pi] and [P ′i ], and maximal orders corresponding to such

vertices given by Λi and Λ′i. If the two tiled orders are conjugate by an element

ξ ∈ GLn(D), then there exists σ ∈ Sn such that ξeiiξ−1 = eσ−1(i)σ−1(i) for all i ≤ n,

and we have an induced action on the vertices ξ[Pi] = [P ′σ−1(i)], and ξΛiξ
−1 = Λ′σ−1(i)

for each i ≤ n.

Proof. Since the lattices Pi are determined by the columns of MΓ, we can identify Pi

with Γeii. Then

ξΓeiiξ
−1 = ξΓξ−1ξeiiξ

−1 = Γ′eσ−1(i)σ−1(i)
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3.2 Distinguished vertices

which is identified with [P ′σ−1(i)]. Therefore, ξ[Pi] = [P ′σ−1(i)], and ξΛiξ
−1 = Λ′σ−1(i).

Therefore, the maximal orders Λi have the following trajectory under the commu-

tative diagram from earlier:

Λi Λ′σ−1(i)

Λ′σ−1(i) Λ′σ−1(i)

ψ

since u ∈ Γ′× implies u ∈ (Λ′σ−1(i))
× and uΛ′σ−1(i)u

−1 = Λ′σ−1(i).

We can now interpret Theorem 3.2.6 in terms of an action on the building for

SLn(D).

Corollary 3.2.10. Suppose Γ and Γ′ are two tiled orders with polytopes CΓ and

CΓ′ in a fixed apartment A, and ψ : Γ → Γ′ an isomorphism. Then ψ induces

an action ψ̃ on the building for SLn(D) such that ψ̃(CΓ) = CΓ′. Moreover, there

exists an isomorphism φ : Γ → Γ′ whose induced action φ̃ on the building gives an

automorphism of the apartment A as a simplicial complex, and φ̃|CΓ
= ψ̃|CΓ

.

Proof. Since ψ corresponds to conjugation by an element in ξ ∈ GLn(D), where

ξΓξ−1 = Γ′, ψ induces a simplicial action on the building, where ψ̃([L]) = ξ[L].

Clearly, conjugation by ξ sends the set of maximal orders containing Γ to the set of

maximal orders containing Γ′. Since such maximal orders correspond to vertices on

CΓ and CΓ′ , we have ψ̃(CΓ) = CΓ′ .

By Theorem 3.2.6 and the discussion following it, there exists a monomial matrix

ξσ such that conjugation by ξσ gives an isomorphism φ : Γ→ Γ′, where uφ(eii)u
−1 =

ψ(eii) for some unit u ∈ Γ′×. Note that monomial matrices preserve the apartment A,
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so the induced action gives φ̃(A) = A. We are left to show that φ̃|CΓ
= ψ̃|CΓ

. Since the

distinguished vertices are extremal on CΓ, uniquely determine CΓ, and both ψ̃ and ψ̃

are simplicial maps, it suffices to show both maps agree on the distinguished vertices.

However, this follows from Remark 3.2.7, Lemma 3.2.9 and the discussion following

it, where ξΛiξ
−1 = Λ′σ−1(i) = ξσΛiξ

−1
σ , for Λi and Λ′j maximal orders corresponding to

the distinguished vertices for CΓ, and respectively, CΓ′ .

Corollary 3.2.10 says that given two isomorphic tiled orders Γ and Γ′ with poly-

topes in the same apartment A, there exists an automorphism of A as a simplicial

complex sending CΓ to CΓ′ by rigid motions. Therefore, CΓ and CΓ′ have the same

“shap” and “size”. We will call such polytopes congruent, a term that we will define

more precisely in the following section.

Example 3.2.11. Consider Γ and Γ′ with exponent matrices

MΓ =

 0 1 1
0 0 1
0 1 0

 and MΓ′ =

 0 0 −1
2 0 0
2 1 0

 .

Then Γ and Γ′ are isomorphic, and in particular ξΓξ−1 = Γ′ for ξ =

 0 0 1
0 π 0
π 0 0

.

Notice that indeed CΓ depicted in Figure 3.3 in blue and CΓ′ depicted in green are

congruent in the usual sense of the word.

Moreover, ξ decomposes as a product of a diagonal and a permutation matrix with ξ = 1 0 0
0 π 0
0 0 π

 0 0 1
0 1 0
1 0 0

. The permutation matrix corresponds to the reflection

with respect to the hyperplane x1 − x3 = 0, which gives the convex polytope CΓ̃ in

yellow. The diagonal matrix then corresponds to translating CΓ̃ so that the vertex

[0, 1, 1] aligns with [0, 2, 2], which then gives CΓ′ .
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Figure 3.3:

[0, 2,−3] [0, 2,−2] [0, 2,−1] [0, 2, 0] [0, 2, 1] [0, 2, 2] [0, 2, 3]

[0, 1,−3] [0, 1,−2] [0, 1,−1] [0, 1, 0] [0, 1, 1] [0, 1, 2]

[0, 0,−4] [0, 0,−3] [0, 0,−2] [0, 0,−1] [0, 0, 0] [0, 0, 1] [0, 0, 2]

[0,−1,−4] [0,−1,−3] [0,−1,−2] [0,−1,−1] [0,−1, 0] [0,−1, 1]

[0,−2,−5] [0,−2,−4] [0,−2,−3] [0,−2,−2] [0,−2,−1] [0,−2, 0] [0,−2, 1]

Section 3.3

Structural invariants

Consider a tiled order Γ = (pµij) with convex polytope CΓ. To make notions of

congruence precise, we need ways to get quantitative information about CΓ. In un-

published work [47] (c.f. [33]), Zassenhaus introduced a set of structural invariants

for tiled orders, defined by:

mij` = µij + µj` − µi`, for 1 ≤ i, j, ` ≤ n.

Note that because of the inequality in Equation (3.1), the structural invariants

are nonnegative integers. In [40], where n = 3, these structural invariants encode

the geometry of the convex polytope CΓ. They correspond to side lengths of CΓ

and distances between opposite bounding hyperplanes. In Example 3.1.3, we get
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m231 = 2,m321 = 1,m132 = 3,m312 = 1,m213 = 2 are the five side lengths, m123 = 0

denotes a missing edge (that would have been on the hyperplane x1 − x3 = 2), and

m121 = 2,m131 = 4,m232 = 3 are distances between the pairs of opposite hyperplanes

H12, H21; H13, H31; and H23, H32.

In the general case n ≥ 3, the mij` still encode geometric data, which we restate

in the following proposition.

Proposition 3.3.1. For i 6= j, mij` is the number of hyperplanes between the vertex

[P`] and Hij (by definition, if i = j then mij` = 0).

Proof. Fix i, j ≤ n. The vertex [P`] is on the hyperplane xi − xj = µi` − µj`. By

Equation (3.1), µi`− µj` ≤ µij. Thus, the number of hyperplanes between Hij (given

by xi − xj = µij) and [P`] is µij − (µi` − µj`) = µij − µi` + µj` = mij`.

The structural invariants detect when two distinguished vertices coincide, as show-

cased in the following corollaries.

Corollary 3.3.2. miji = 0 if and only if [Pi] = [Pj].

Proof. Suppose miji = 0. We need to show there exists t ∈ Z such that µ`i = µ`j + t

for all ` ≤ n. Note thatmiji = 0 =⇒ µij = −µji, and by inequality (3.1) we also have

µ`i + µij ≥ µ`j. These conditions imply µ`i − µji ≥ µ`j and therefore µ`j + µji ≤ µ`i.

By inequality (3.1), this means µ`i ≤ µ`j +µji ≤ µ`i so µ`j +µji = µ`i. Taking t = µji

proves our claim.

Now we prove the converse. Suppose [Pi] = [Pj] for some i, j ≤ n. Then

miji = # of hyperplanes between [Pi] and Hij.

At the same time,
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mjij = # of hyperplanes between [Pj] and Hji.

But miji = mjij, and since [Pi] = [Pj], it follows that

miji = # of hyperplanes between [Pi] and Hji,

which is equal to 0 since [Pi] is already on Hji.

Corollary 3.3.3. [Pi] = [Pj] if and only if mrsi = mrsj, mris = mrjs and mirs = mjrs

for all r, s ≤ n.

Proof. Suppose [Pi] = [Pj]. Then mrsi = mrsj by Proposition 3.3.1. Now consider

mris −mrjs = µri + µis − µrj − µjs. Since [Pi] = [Pj], in the proof of Corollary 3.3.2

we saw that µri − µrj = µji = −µij. Plugging this into the difference above, we get

two equalities

mris −mrjs = −mijs = mjis = 0,

since the structural invariants are nonnegative. Note that this means mijs = 0 = mjis

for all s ≤ n. Finally, another computation gives mirs −mjrs = mijs −mijr. By our

previous remark, this is zero.

Now we prove the converse. Since mrsi = mrsj for all r, s ≤ n, this also applies if

r = i and s = j, so miji = mijj = 0, and by Corollary 3.3.2, [Pi] = [Pj].

Corollary 3.3.4. A tiled order Γ = (pµij) has full geometric rank if and only if all

the n homothety classes [P1], . . . , [Pn] are distinct.

Proof. Γ has full geometric rank if and only if µij + µji > 0 for all i, j, if and only

if miji > 0 for all i, j ≤ n, and by Corollary 3.3.2, if and only if [Pi] 6= [Pj] for all

i, j ≤ n.
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Since the structural invariants encode geometric data, we may use them to define

properties of associated polytopes.

Definition 3.3.5. Let Γ be a tiled order with structural invariants mij`, and Γ′ a

tiled order with structural invariants m′ij`. We say CΓ and CΓ′ are congruent if there

exists σ ∈ Sn such that m′ij` = mσ(i)σ(j)σ(`) for all i, j, ` ≤ n.

For practical purposes, since mijj = 0 and miji = mij` + mji`, we only need to

compare relations on invariants of the form mij`, i 6= j 6= ` 6= i to determine whether

two polytopes are congruent. In Example 3.2.11, Γ has structural invariants

(m123,m132,m213,m231,m312,m321) = (1, 1, 0, 1, 0, 1),

and Γ′ has

(m′123,m
′
132,m

′
213,m

′
231,m

′
312,m

′
321) = (1, 0, 1, 0, 1, 1).

Then m′ij` = mσ(i)σ(j)σ(`) for σ = (13), and as we have already seen CΓ and CΓ′ are

congruent in the usual sense of the word. In addition, we have seen that Γ and Γ′ are

also isomorphic.

In fact, in [47] (see [33, II.6]), Zassenhaus shows that the structural invariants also

encode the isomorphism class of the tiled order.

Proposition 3.3.6 (Zassenhaus, [47]). Let Γ = (pµij) and Γ′ = (pµ
′
ij) be two tiled

orders, and let mij` and respectively, m′ij` be their structural invariants. Then Γ and

Γ′ are isomorphic if and only if there exists σ ∈ Sn such that m′ij` = mσ(i)σ(j)σ(`) for

all 1 ≤ i, j, ` ≤ n.

Proof. This is a part of Zassenhaus’ result as described in [33, Prop. II.6]. Suppose

the two orders are isomorphic. By Theorem 3.2.6, there exists a monomial matrix
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ξ ∈ GLn(D) with Γ′ = ξΓξ−1, where ξ = (παiδσ(i)j) for some σ ∈ Sn, αi ∈ Z, and δij

the Kronecker delta. Let Γ = (pµij),Γ′ = (pµ
′
ij). Conjugating by ξ we deduce

µ′ij = αi − αj + µσ(i)σ(j).

Therefore,

m′ij` = µ′ij + µ′j` − µ′i`

= αi − αj + µσ(i)σ(j) + αj − α` + µσ(j)σ(`) − αi + α` − µσ(i)σ(`)

= mσ(i)σ(j)σ(`).

Conversely, suppose there is τ ∈ Sn such that m′ij` = mτ(i)τ(j)τ(`) for all 1 ≤ i, j, ` ≤ n.

Then let αi = µ′i1−µτ(i)τ(1), i ≤ n. Note that α1 = 0, and that also αi = µτ(1)τ(i)−µ′1i,

since

µ′i1 + µ′1i = m′i1i = mτ(i)τ(1)τ(i) = µτ(i)τ(1) + µτ(1)τ(i).

If we let ξij = παiδτ(i)j, then the exponents of ξΓξ−1 are αi − αj + µτ(i)τ(j), which

give

αi − αj + µτ(i)τ(j) = µ′i1 − µτ(i)τ(1) − µτ(1)τ(j) + µ′1j + µτ(i)τ(j)

= µ′i1 + µ′1j − µ′ij + µ′ij − µτ(i)τ(1) − µτ(1)τ(j) + µτ(i)τ(j)

= m′i1j + µ′ij −mτ(i)τ(1)τ(j)

= µ′ij,

and therefore ξΓξ−1 = Γ′, so the two orders are isomorphic.
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3.4 Hereditary orders

Corollary 3.3.7. Two tiled orders Γ and Γ′ with polytopes CΓ and CΓ′ in the same

apartment are isomorphic if and only if CΓ and CΓ′ are congruent.

Note that in the proof of Proposition 3.3.6, if mij` = m′ij`, then the resulting ξ is

a diagonal matrix. Since conjugation by a diagonal matrix translates vertices in the

apartment, we have the following connection between the polytopes:

Corollary 3.3.8. Let Γ = (pµij),Γ′ = (pµ
′
ij) be two tiled orders, and let mij` and

m′ij` be their structural invariants. If m′ij` = mij` for all 1 ≤ i, j, ` ≤ n, then there

exists a diagonal matrix acting on the apartment A by a translation, such that CΓ is

translated to CΓ′.

Section 3.4

Hereditary orders

Let Γ ⊆Mn(D) be a tiled order with exponent matrix MΓ = (µij). Having developed

the tools from the previous sections, we would like to interpret algebraic properties

of tiled orders in terms of properties of their convex polytopes.

Recall Proposition 3.2.1, which described the complete set of isomorphism classes

of injective and projective indecomposable Γ-lattices in Dn. These descriptions of Γ-

lattices allow us to characterize the convex polytopes of some special kinds of orders.

We start with hereditary orders.

Definition 3.4.1. We say an order Γ is left hereditary if every left Γ-ideal is

projective as a left Γ-module, and we say that an order Γ is strictly hereditary if

every left Γ-lattice is Γ-projective.
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3.4 Hereditary orders

We can similarly define a right hereditary order, however in our case the two

definitions coincide (see [20, Corollary 1.6.0]) and we will simply say hereditary. By

Theorem 1.6 in [20], a tiled order Γ is hereditary if and only if it is strictly hereditary.

In [16] and [17], Harada showed that every hereditary order inMn(D) is isomorphic

to a tiled order whose exponent matrix is of the form


0m1×m1 1m1×m2 · · · 1m1×mr
0m2×m1 0m2×m2 · · · 1m2×mr

...
... · · · ...

0mr×m1 0mr×m2 · · · 0mr×mr

 , (3.2)

where n =
∑r

i=1 mi and li×j denotes the i × j matrix whose entries are all l. The

question that arises is whether we can say anything about convex polytopes associated

to hereditary orders. We start with an example.

Example 3.4.2. Every hereditary order in M3(D) is isomorphic to one of the tiled

orders with the following exponent matrices:

C =

0 1 1
0 0 1
0 0 0

 E =

0 1 1
0 0 0
0 0 0

 V =

0 0 0
0 0 0
0 0 0

 .

These are a complete set of isomorphism classes of tiled orders whose convex poly-

topes are simplices in the building. In the following figure, they correspond to the

emphasized chamber, edge, and vertex.
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3.4 Hereditary orders

[0, 0,−2] [0, 0,−1] [0, 0, 0] [0, 0,−2] [0, 0,−1] [0, 0, 0] [0, 0,−2] [0, 0,−1] [0, 0, 0]

[0,−1,−2] [0,−1,−1] [0,−1,−2] [0,−1,−1] [0,−1,−2] [0,−1,−1]

[0,−2,−3] [0,−2,−2] [0,−2,−1] [0,−2,−3] [0,−2,−2] [0,−2,−1] [0,−2,−3] [0,−2,−2] [0,−2,−1]

Proposition 3.4.3. Let Γ ⊆Mn(D) be an order. Then Γ is hereditary if and only if

it is a tiled order whose convex polytope is a simplex in the building for SLn(D).

To prove the above proposition, we need the following rather technical lemma.

Lemma 3.4.4. Suppose Γ = (pµij) is a tiled order with exponents µij ∈ {0, 1}, and

that all the entries below the diagonal are zero. If any entry above the diagonal is

zero, then all entries below it and to the left of it are zero as well. Furthermore, Γ is

of the form in Equation (3.2), and is therefore hereditary.

Proof. We start with the first claim. Suppose there exists a zero entry µij = 0 for

i ≤ j, such that either an entry to the left or below it are 1. In the first case, this

means there exists ` < j such that µi` = 1. Since all the entries below the diagonal

are 0, we get mij` = µij + µj` − µi` = −1, which contradicts that Γ is an order.

Similarly, if any of the entries below µij are 1, there exists l > i such that µlj = 1,

so mlij = µli + µij − µlj = −1, which again contradicts that Γ is an order. Note that

this implies that all all entries in the largest rectangle whose upper right corner is µij

are zeros as well (so µtl = 0 for all t ≥ i and l ≤ j).

We proceed with the second claim, and start by dividing the exponent matrix

into blocks. Let m1 ≤ n be the smallest number such that µ1,m1 = 0, but the

entry immediately to the right (if there is one) is 1. From the first paragraph, we
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3.4 Hereditary orders

conclude that all the entries in the first m1 columns are zero, and all the entries in

the first row to the right of µ1,m1+1 are ones. Therefore, the exponent matrix has the

form


0 · · · 0 1 · · · 1
... . . . ...
0 · · · 0

0(n−m1)×m1

. If µm1,m1+1 = 1, by the first claim all the

entries in the upper right square are ones. Suppose not, and µm1,m1+1 = 0. Then

µ1m1 + µm1,m1+1 − µ1,m1+1 = −1, which contradicts that Γ is an order. Therefore,

the exponent matrix as the from


0 · · · 0 1 · · · 1
... . . . ...

... . . . ...
0 · · · 0 1 · · · 1

0(n−m1)×m1

. We repeat

the process letting m2 ≤ n be the smallest such that µm1+1,m1+m2 = 0, but the entry

immediately to the right (if there is one) is 1. Then we get another diagonal block

of zeros, and repeating until the end gives us a matrix of the form in Equation (3.2),

which is hereditary per Harada’s results.

Proof of Proposition 3.4.3. Suppose Γ is tiled, and CΓ is a simplex. Consider the

set of structural invariants {mij`}i,j,`≤n. Since CΓ is a simplex, each mij` ∈ {0, 1} by

Proposition 3.3.1. From [33, Proposition II.6 (ii)], the tiled order (pmij1) has the same

structural invariants as Γ and is therefore isomorphic to Γ, and we may assume that

the order we started with is of this form.

So let Γ = (pµij) = (pmij1). Note that the exponents in the first column of MΓ are

all 0, the remaining exponents are either 0 or 1, and that if µij = 1 then µji = 0. If

all the exponents in MΓ below the diagonal are zero, then Γ is hereditary by Lemma

3.4.4. If not, then we want to show Γ is isomorphic to an order whose exponent

matrix is upper triangular.

Let ` ≤ n be the first column having an entry equal to 1 below the diagonal, and

let t > ` be the smallest such that µt` = 1. Then µ`t = 0 as remarked above. Let
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3.4 Hereditary orders

wτ be the permutation matrix associated to the transposition τ = (t`), and consider

Γ′ = (pµ
′
ij) = wτΓw

−1
τ . Then µ′ij = µτ(i)τ(j). We claim the following:

(1) µ′t` = µσ(t)σ(`) = µ`t = 0.

(2) the conjugation does not change the first ` − 1 columns, i.e. µ′ij = µij for all

i ≤ n and j < `. Note that µ′ij = µτ(i)τ(j) = µτ(i)j since τ fixes j < ` < t. If i 6= t, `,

the claim follows. If i = t or `, then µ′ij = 0 = µij, since j < ` < t and all the entries

under the diagonal in the first `− 1 columns are zero.

(3) the conjugation preserves the zeros in the `-th column between the diagonal

entry and µt`, i.e. µ′j` = 0 for ` < j < t. First, µ′j` = µτ(j)τ(`) = µjt. If µjt = 1, then

mj`t = µj` + µ`t − µjt = −1, which contradicts that Γ is an order.

Therefore, conjugation by wτ does not change the upper triangular structure of the

entries in the first `−1 columns, or those in the `-th column above the (t, `) position,

while at the same time changing the value in the (t, `) position to 0. Iterating as

necessarily, we get to a tiled order whose exponent matrix is upper triangular, and

we are done with the forward direction.

Now suppose Γ is hereditary, so it is isomorphic to a tiled order with exponent ma-

trix MΓ described in Equation (3.2). Denote by Li the lattice Li = (1, . . . , 1,︸ ︷︷ ︸
i times

0, . . . , 0)

for 0 ≤ i ≤ n − 1. Then L0 ) L1 ) · · · ) Ln−1 ) πL0 is a flag that defines a

chamber in the apartment. Note that each column of MΓ corresponds to one of the

lattices Li, and that indeed any subset of such homothety classes of lattices gives us

a simplex.

Let us see an example of the algorithm described in the proof of Proposition 3.4.3:

Example 3.4.5. Consider the tiled order Γ has exponent matrix


0 1 1 0
0 0 1 0
0 0 0 0
0 1 1 0

. We
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3.5 The radical idealizer chain

have the flag P1 ) P2 ) P3 ) πP1, and therefore CΓ is a 2-simplex.

Then ` = 2, t = 4, τ = (24), and wτΓw−1
τ has exponent matrix


0 0 1 1
0 0 1 1
0 0 0 0
0 0 1 0

.

Now let ` = 3, t = 4, we take τ = (34), and conjugating again gives the upper

triangular exponent matrix


0 0 1 1
0 0 1 1
0 0 0 1
0 0 0 0

.

We can give an alternative interpretation of the proposition above. Recall that by

Proposition 3.2.1, each isomorphism class of Γ-lattices in Dn corresponds to a vertex

on CΓ. Since Γ is hereditary if and only if each Γ-lattice is projective, it follows

that every vertex on CΓ must be a distinguished vertex. Since there are at most

n distinguished vertices, and each distinguished vertex is an extremal vertex at the

intersection of bounding hyperplanes for CΓ, this can happen if and only if CΓ is a

simplex.

Finally, we conclude with the following inclusion of orders in Mn(D) and corre-

sponding polytopes:

Maximal orders ( Hereditary orders ( Tiled orders

Vertices ( Simplices ( Convex polytopes

Section 3.5

The radical idealizer chain

Let’s explore some of the implications of the properties of hereditary orders discussed

in the previous section. For any order Λ in a semisimple k-algebra, there is a canonical
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3.5 The radical idealizer chain

chain of orders, described in [2] and called the radical idealizer chain of Λ

Λ = Λ0 ( Λ1 ( · · · ( Λh = Λh+1,

terminating in a hereditary order Λh called the head order of Λ, and each Λi+1 is the

idealizer of the Jacobson radical of Λi. In this section, we define all the terms above,

and investigate chains for tiled orders.

Definition 3.5.1. The Jacobson radical of a ring A, denoted by J(A), is the inter-

section of all maximal left ideals of A.

One can easily find the Jacobson radical of a tiled order:

Lemma 3.5.2 (Plesken, [33]). Let Γ = (pµij) ⊆ Mn(D) be a tiled order with distin-

guished vertices [P`]. Then J(Γ) = (pµ̃ij), where

µ̃ij = µij + δ̃ij,

and δ̃ij = 1 if [Pi] = [Pj].

Note that δ̃ij is not the regular Kronecker delta; in particular, if CΓ does not have

full geometric rank, there exist i 6= j such that [Pi] = [Pj] by Corollary 3.3.4. By

definition, J(Γ) is an ideal in Γ, and therefore a Γ-lattice. Moreover,

Lemma 3.5.3. Each of the columns in MJ(Γ) corresponds to a vertex on CΓ.

Proof. Consider the `-th column of MJ(Γ), with entries

[µ̃1`, µ̃2`, . . . , µ̃n`].
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To show that such a vertex is on CΓ, we need µ̃i` − µ̃j` ≤ µij. But

µij − µ̃i` + µ̃j` = µij − µi` − δ̃i` + µj` + δ̃j` = mij` − δ̃i` + δ̃j`.

Sincemij` ≥ 0, the only case the above expression would be negative is ifmij` = 0,

δ̃i` = 1 and δ̃j` = 0. The latter two conditions mean [Pi] = [P`] 6= [Pj]. By Proposition

3.3.1, if [Pi] = [P`] then mij` = miji, so we need to check when miji = 0. From

Corollary 3.3.2 this only happens if [Pi] = [Pj], which is a contradiction.

Example 3.5.4. Consider Γ withMΓ =

0 0 3
0 0 3
0 0 0

. In Figure 3.4, CΓ is the empha-

sized 1-complex. Since [P1] = [P2], J(Γ) has exponent matrix MJ(Γ) =

1 1 3
1 1 3
0 0 1

.

Note that the columns of MJ(Γ) indeed correspond to vertices on CΓ.

Figure 3.4:

[0, 2,−3] [0, 2,−2] [0, 2,−1] [0, 2, 0] [0, 2, 1] [0, 2, 2] [0, 2, 3]

[0, 1,−3] [0, 1,−2] [0, 1,−1] [0, 1, 0] [0, 1, 1] [0, 1, 2]

[0, 0,−4] [0, 0,−3] [0, 0,−2] [0, 0,−1] [0, 0, 0] [0, 0, 1] [0, 0, 2]

[0,−1,−4] [0,−1,−3] [0,−1,−2] [0,−1,−1] [0,−1, 0] [0,−1, 1]

[0,−2,−5] [0,−2,−4] [0,−2,−3] [0,−2,−2] [0,−2,−1] [0,−2, 0] [0,−2, 1]

57



3.5 The radical idealizer chain

Definition 3.5.5 (Reiner, p.109 of [34]). Let R be a noetherian integral domain with

quotient field F , and A a finite-dimensional F -algebra. Let M be any full R-lattice

in A. The left order of M is defined as

OL(M) = {x ∈ A : xM ⊆M}.

The right order of M is defined as

OR(M) = {x ∈ A : Mx ⊆M}.

We would like to characterize the left and right orders of J(Γ).

Proposition 3.5.6. Let Γ = (pµij) be a tiled order with Jacobson radical J(Γ) and ex-

ponent matrix MJ(Γ) = (µ̃ij). Then OL(J(Γ)) is the tiled order whose convex polytope

COL(J(Γ)) is the convex hull of the vertices that correspond to the columns of MJ(Γ).

Moreover, OL(J(Γ)) = OR(J(Γ)).

Proof. Let (pbij) be the tiled order whose convex polytope is given by the convex

hull of the vertices that correspond to the columns of MJ(Γ), which we encode by

[L`] = [µ̃1`, . . . , µ̃n`]. Then the bij are the smallest values that satisfy the relations

µ̃i` − µ̃j` ≤ bij for all ` ≤ n, so bij = max`(µ̃i` − µ̃j`).

The next step is to show that OL(J(Γ)) is tiled; it suffices to show that it contains

the set of primitive orthogonal idempotents eii, where eij is the n×n matrix with all
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3.5 The radical idealizer chain

zeros, except for 1 in the (i, j)-position. Indeed,

eiiJ(Γ) =


0 0 · · · 0
...

...
...

pµ̃i1 pµ̃i2 · · · pµ̃in
...

...
...

0 0 · · · 0

 ⊆ J(Γ).

Since OL(J(Γ)) is tiled, we have OL(J(Γ)) = (paij) for some (aij) ∈ Zn×n. In

particular, πaijeij ∈ OL(J(Γ)) for all i, j ≤ n. Since πµ̃j`ej` ∈ J(Γ) for all j, ` ≤ n,

we must have πaijeijπ
µ̃j`ej` ∈ J(Γ) for all i, j, ` ≤ n, in which case

πaij+µ̃j` ∈ pµ̃i` =⇒ aij + µ̃j` ≥ µ̃i` for all i, j, ` ≤ n.

But this means aij ≥ µ̃i` − µ̃j` for all i, j, ` ≤ n. The smallest such value for aij is

max`(µ̃i` − µ̃j`) = bij, so (paij) = (pbij), and we are done with the first claim. The

second claim follows from analogous arguments.

The radical idealizer of an order Γ in a semisimple k-algebra is defined as (see [2])

Id(J(Γ)) = OL(J(Γ)) ∩OR(J(Γ)).

Since for tiled orders OL(J(Γ)) = OR(J(Γ)), the radical idealizer of Γ is

Id(J(Γ)) = OL(J(Γ)) = OR(J(Γ)).

When Γ is hereditary, we have the following result, proven in theorems (39.11)

and (39.14) of [34].
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3.5 The radical idealizer chain

Theorem 3.5.7 (Reiner, [34]). Let k be a non-archimedean local field with valuation

ring R, Γ an R-order in the central simple k-algebra B, where B ∼= Mn(D), and D

is a central division k-algebra. Then Γ is hereditary if and only if Id(J(Γ)) = Γ.

Now consider Γ a tiled order and the chain

Γ = Γ1 ( Γ2 ( · · · ( Γh = Γh+1

introduced at the beginning of the section. We construct the chain by iterating the

process of taking the radical idealizer and get Γ2 = Id(J(Γ1)), Γ3 = Id(J(Γ2)) etc.

By Lemma 3.5.3, each column of MJ(Γ) gives an internal vertex of the polytope CΓ,

and by Proposition 3.5.6 CId(J(Γ)) is the convex hull of these vertices. Since Γi ⊆ Γi+1,

the polytopes at each step of the chain become smaller. Theorem 3.5.7 says that the

chain terminates only once we hit a simplex, in which case the columns of MJ(Γh) are

the permuted distinguished vertices of CΓh .

Example 3.5.8. Consider Γ1 with exponent matrixMΓ1 =

0 2 3
2 0 1
1 3 0

, and polytope

outlined in blue in Figure 3.5. Then

MJ(Γ1) =

1 2 3
2 1 1
1 3 1

 =⇒ MΓ2 =

0 2 2
1 0 1
1 2 0

 ,

with convex polytope outlined in green.

Reiterating, we get Γ3 = Γh, where MΓ3 =

0 1 1
0 0 0
0 1 0

, with convex polytope

outlined in red.
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Figure 3.5:

[0, 2,−3] [0, 2,−2] [0, 2,−1] [0, 2, 0] [0, 2, 1] [0, 2, 2] [0, 2, 3]

[0, 1,−3] [0, 1,−2] [0, 1,−1] [0, 1, 0] [0, 1, 1] [0, 1, 2]

[0, 0,−4] [0, 0,−3] [0, 0,−2] [0, 0,−1] [0, 0, 0] [0, 0, 1] [0, 0, 2]

[0,−1,−4] [0,−1,−3] [0,−1,−2] [0,−1,−1] [0,−1, 0] [0,−1, 1]

[0,−2,−5] [0,−2,−4] [0,−2,−3] [0,−2,−2] [0,−2,−1] [0,−2, 0] [0,−2, 1]

Section 3.6

Gorenstein tiled orders

In this subsection, we investigate the dual nature of the vertices introduced in Remark

3.2.4.

Definition 3.6.1. Let L be an ∆-lattice. The dual lattice L∗ is given by

L∗ = Hom∆(L,∆).

In [48], duals of irreducible Γ-lattices are computed; the right irreducible Γ-lattice
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3.6 Gorenstein tiled orders

L =
(
pm1 . . . pmn

)
has irreducible dual left Γ-lattice given by

L∗ =

p−m1

...
p−mn

 . (3.3)

If we consider Γ = (pµij) as a right module over itself, then Γ ∼=
⊕n

i=1

(
pµi1 . . . pµin

)
is isomorphic to the direct sum of the lattices corresponding to the rows of Γ. There-

fore

Γ∗ = Hom∆(ΓΓ,∆) ∼=
n⊕
i=1


p−µi1

p−µi2
...

p−µin


as a left Γ-module.

Definition 3.6.2 (Roggenkamp et al, [35]). A tiled order Γ is called a Gorenstein

tiled order if Γ∗ is a projective left Γ-lattice.

As a direct sum of indecomposable Γ-lattices, Γ∗ is a projective Γ-lattice if and

only if each of the direct summands is projective. From Proposition 3.2.1 we have

a complete description of the isomorphism classes of projective indecomposable Γ-

lattices in Dn. In particular, from Equation (3.3) and Proposition 3.2.1, we conclude

that Γ is a Gorenstein tiled order if and only if the set of distinguished vertices [Pi]

coincides with the set of vertices given by [Rj] (see Proposition 3.2.1).

Example 3.6.3. Let Γ have exponent matrix

MΓ =


0 1 2 1
1 0 1 1
0 0 0 1
0 1 1 0

 .
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3.6 Gorenstein tiled orders

Taking Pi and Rj as defined in Proposition 3.2.1,

R1
∼= P3 R2

∼= P1 R3
∼= P4 R4

∼= P2.

When all the distinguished vertices are distinct (so miji 6= 0 when i 6= j) and

Γ is a Gorenstein tiled order, we get a permutation of the vertices as stated in [35,

Theorem 1.4]:

Theorem 3.6.4 (Roggenkamp et al, [35]). A tiled order Γ = (pµij) with full geometric

rank is a Gorenstein tiled order if and only if there exists a permutation σ ∈ Sn, called

a Kirichenko permutation, such that

µij + µjσ(i) = µiσ(i) for all i, j ≤ n.

In Example 3.6.3, the permutation is σ = (1342).

One type of polytopes whose corresponding tiled orders are Gorenstein are sim-

plices; indeed, computing the dual of the general hereditary order from Equation (3.2)

allows us to conclude that hereditary orders are Gorenstein tiled orders, and we have

the following inclusion:

Maximal orders ( Hereditary orders ( Gorenstein tiled orders

At the same time, any scaling of a hereditary order is a Gorenstein tiled order,

where the scaling of an order Γ by s ∈ Z>0 is the tiled order with exponent matrix

sMΓ.

Example 3.6.5. Consider Gorenstein tiled orders in M3(D). Any scaling of a cham-
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3.7 Normalizers of tiled orders as symmetries of CΓ

ber is a Gorenstein tiled order. In fact, this is the only type of Gorenstein tiled orders

in M3(D) with full geometric rank. For n ≥ 4, however, there are Gorenstein tiled

orders with full geometric rank that are not scalings of chambers. One such example

is the tiled order in Example 3.6.3.

Figure 3.6: Scalings of chambers correspond to Gorenstein tiled orders.

[0, 4, 0] [0, 4, 1] [0, 4, 2] [0, 4, 3] [0, 4, 4] [0, 4, 5] [0, 4, 6]

[0, 3, 0] [0, 3, 1] [0, 3, 2] [0, 3, 3] [0, 3, 4] [0, 3, 5]

[0, 2,−1] [0, 2, 0] [0, 2, 1] [0, 2, 2] [0, 2, 3] [0, 2, 4] [0, 2, 5]

[0, 1,−1] [0, 1, 0] [0, 1, 1] [0, 1, 2] [0, 1, 3] [0, 1, 4]

[0, 0,−2] [0, 0,−1] [0, 0, 0] [0, 0, 1] [0, 0, 2] [0, 0, 3] [0, 0, 4]

Section 3.7

Normalizers of tiled orders as symmetries of CΓ

Let Γ ⊆ Mn(D) be a tiled order with exponent matrix MΓ = (µij), and structural

invariants {mij` = µij + µj` − µi` : i, j, ` ≤ n}. In this section, we first interpret

the normalizer N (Γ) = {ξ ∈ GLn(D) : ξΓξ−1 = Γ} of a tiled order in terms of

symmetries of its associated convex polytope CΓ.

We start with normalizers of maximal orders. Consider a maximal order Λ in

Mn(k) for k a non-archimedean local field with valuation ring R. Since each maximal

order is conjugate to Mn(R) by [34, (17.3)], it follows from [34, (37.26)] that N (Λ) =
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3.7 Normalizers of tiled orders as symmetries of CΓ

k×Λ×. In the case where our algebra Mn(D) is of matrices over a local division ring,

the result is analogous, but we need to be more careful.

Let D be a central division algebra of degree m over the non-archimedean local

field k, with unique maximal R-order ∆ and uniformizer π such that πm = π (see

Section 14 in [34]).

Let Λ = Mn(∆), then Λ× = GLn(∆).

Proposition 3.7.1. For Λ = Mn(∆), the normalizer is given by N (Λ) = D×Λ×.

Proof. We follow a similar approach to the discussion in [25, Section 3.1]. Since ∆ is

the unique maximal order in D, note that x∆x−1 = ∆ for any x ∈ D×. Embedding

D× ↪→ GLn(D) diagonally, xMn(∆)x−1 = Mn(x∆x−1) = Mn(∆), so D× ⊆ N (Λ).

But clearly Λ× ⊆ N (Λ), and therefore D×Λ× ⊆ N (Λ).

Now we prove the other containment. From (37.25)-(37.27) of [34],

N (Λ)/k×Λ× ∼= Z/mZ. (3.4)

By [34, 17.3], πΛ is the unique two-sided ideal of Λ which implies π ∈ N (Λ). Since m

is the smallest power such that πm ∈ k×, it follows that the normalizer is generated

by the set {π, k×Λ×}. We already have D×Λ× ⊆ N (Λ), so D×Λ× ⊆ 〈π, k×Λ×〉. On

the other hand, 〈π, k×Λ×〉 ⊆ D×Λ× since π ∈ D×. Thus N (Λ) = D×Λ×.

Next, we need more information about normalizers of other maximal orders. By

[34, (17.3)], all maximal orders in Mn(D) are conjugate to Mn(∆), and we have the

following easy corollary:
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3.7 Normalizers of tiled orders as symmetries of CΓ

Corollary 3.7.2. Let ξ ∈ GLn(D). Then

N (ξMn(∆)ξ−1) = ξN (Mn(∆))ξ−1 = ξD×GLn(∆)ξ−1.

For some maximal orders, the normalizer has a simplified form.

Lemma 3.7.3. Consider an apartment containing the vertex [0, 0, . . . , 0] correspond-

ing toMn(∆), and let Λ be a maximal order whose vertex lies in this apartment. Then

N (Λ) = D×Λ×.

Proof. Every maximal order Λ in this apartment is of the form Λ = ξMn(∆)ξ−1 for

some diagonal matrix ξ ∈ GLn(D). By Corollary 3.7.2,

N (Λ) = ξD×GLn(∆)ξ−1.

We need to show ξD×GLn(∆)ξ−1 = D×ξGLn(∆)ξ−1 = D×Λ×.

Let d ∈ D×, and ξ the diagonal matrix above. Then we can find integersm,mi ∈ Z

and units u, ui ∈ ∆× for i ≤ n such that d = πmu and ξ = (πmiuiδij), where δij is

the Kronecker delta. For any a ∈ D, there are unique units a′, a′′ ∈ ∆× and integer

k ∈ Z such that a = πka′ = a′′πk, where a′ and a′′ are not necessarily equal (see [34,

page 139]). A computation shows there exist units vi ∈ ∆× such that

ξd = (πmiuiδijπ
mu)ij = (πmuπmiuiδijvi)ij = dξ(viδij)ij,

where consequently (viδij)ij ∈ GLn(∆).
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3.7 Normalizers of tiled orders as symmetries of CΓ

Thus, ξD× ⊆ D×ξGLn(∆). Similarly, D×ξ ⊆ ξD×GLn(∆), and therefore

ξD×GLn(∆)ξ−1 = D×ξGLn(∆)ξ−1.

The above description of normalizers of maximal orders contains information to

characterize normalizers of tiled orders.

Proposition 3.7.4 (Shemanske, [40]). Let Γ be a tiled order whose convex polytope

lies in the apartment containing the vertex [0, 0, . . . , 0] corresponding to Mn(∆). Let t

be the number of distinct distinguished vertices of CΓ. Then there is a homomorphism

φ : N (Γ)→ St with ker(φ) = D×Γ×.

Proof. We use the ideas in Section 3 of [40]. Let {Λ1, . . . ,Λt} be the maximal orders

containing Γ corresponding to the t distinguished vertices, so Γ =
⋂t
i=1 Λt. Let

ξ ∈ N (Γ), then conjugation of Γ by ξ gives an automorphism of Γ. Similar to the

proof of Lemma 3.2.10, ξ permutes the distinguished vertices [Pi] of CΓ. This gives an

action of N (Γ) on the set of t distinguished vertices, and therefore a homomorphism

φ : N (Γ) → St. Next we show that the kernel ker(φ) = D×Γ×. Since Γ× = ∩ti=1Λ×i ,

conjugation by an element in Γ× will fix each of these maximal orders and therefore

each distinguished vertex. Since x ∈ D×In gives xΓx−1 = ∩ti=1xΛix
−1 = ∩ti=1Λi = Γ,

it follows that D×Γ× ⊆ kerφ.

On the other hand, if ξ fixes each distinguished vertex, then ξ normalizes each

maximal order Λ1,Λ2, . . . ,Λt corresponding to each distinguished vertex, so ξ ∈

∩ti=1N (Λt) = ∩ti=1D
×Λ×i , the latter equality from Lemma 3.7.3. We claim that

∩ti=1D
×Λ×i = D× ∩ti=1 Λ×i = D×Γ×.

We proceed to prove the first equality. Clearly D× ∩ti=1 Λ×i ⊆ ∩ti=1D
×Λ×i . To
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3.7 Normalizers of tiled orders as symmetries of CΓ

show the nontrivial containment, suppose ξ ∈ ∩ti=1D
×Λ×i . Then we can write ξ =

πa1λ1 = πa2λ2 = · · · = πatλt, where each λi ∈ Λ×i . Taking the reduced norm,

we get nrMn(D)/k(π) = (−1)m−1π ∈ k and nrMn(D)/k(λi) ∈ R× for all i ≤ t. Then

nrMn(D)/k(ξ) = πna1u1 = πna2u2 = · · · = πnatut for units ui ∈ R×, so a1 = a2 = · · · =

at =: a and ξ = πaλ for some λ ∈ ∩ti=1Λ×i . Therefore, ∩ti=1D
×Λ×i ⊆ D× ∩ti=1 Λ×i and

the proposition holds.

Remark 3.7.5. If Γ is a tiled order whose convex polytope lies in a different apartment,

then Γ = ζΓ′ζ−1 for some ζ ∈ GLn(D), and we get a homomorphism N (Γ) =

ζN (Γ′)ζ−1 → St with kernel ζD×Γ′×ζ−1.

Suppose ξ ∈ N (Γ). Analogous to Corollary 3.2.10 and the discussion following it,

ξ permutes the distinguished vertices of CΓ by rigid motions, and Proposition 3.7.4

allows us to think of elements in the normalizer as inducing a “symmetry” on CΓ. We

will therefore refer to elements of N (Γ)/D×Γ× as the “symmetries of CΓ”, and we

associate to ξ ∈ N (Γ)/D×Γ× the permutation σξ := φ(ξ).

Example 3.7.6. For n = 3 and Γ with full geometric rank, the symmetries of CΓ are

given by a subgroup of S3 as illustrated below.

Let Γ1 be the tiled order with exponent matrxMΓ1 =

 0 0 −1
1 0 −1
3 2 0

 and polytope

in Figure 3.7. We see that the symmetries correspond to a folding, interchanging [P1]

and [P3], and fixing [P2]. Let ξ =

 0 0 1
0 π2 0
π4 0 0

. Then ξ ∈ N (Γ1) with φ(ξ) = (1 3),

and N (Γ1)/D×Γ1
× ∼= Z/2Z.

Let Γ2 with exponent matrix MΓ2 =

 0 1 −1
1 0 −1
3 3 0

 and polytope in Figure

3.8. We see that any two distinguished vertices can be interchanged. Let ξ1 =
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3.7 Normalizers of tiled orders as symmetries of CΓ

Figure 3.7:

[0, 2, 0] [0, 2, 1] [0, 2, 2] [0, 2, 3] [0, 2, 4]

[0, 1,−1] [0, 1, 0] [0, 1, 1] [0, 1, 2] [0, 1, 3] [0, 1, 4]

[0, 0,−1] [0, 0, 0] [0, 0, 1] [0, 0, 2] [0, 0, 3]

[0,−1,−2] [0,−1,−1] [0,−1, 0] [0,−1, 1] [0,−1, 2] [0,−1, 3]

Figure 3.8:

[0, 2, 0] [0, 2, 1] [0, 2, 2] [0, 2, 3] [0, 2, 4]

[0, 1,−1] [0, 1, 0] [0, 1, 1] [0, 1, 2] [0, 1, 3] [0, 1, 4]

[0, 0,−1] [0, 0, 0] [0, 0, 1] [0, 0, 2] [0, 0, 3]

[0,−1,−2] [0,−1,−1] [0,−1, 0] [0,−1, 1] [0,−1, 2] [0,−1, 3]

 0 0 1
0 π2 0
π4 0 0

, and ξ2 =

0 1 0
1 0 0
0 0 1

. Then ξ1, ξ2 ∈ N (Γ2) with φ(ξ1) = (1 3) and

φ(ξ2) = (12). Therefore N (Γ2)/D×Γ×2
∼= S3.

Now consider the tiled order Γ3 with exponent matrix MΓ3 =

0 0 1
0 0 1
3 3 0

 and

polytope depicted in Figure 3.9.

Since [P1] = [P2] 6= [P3], we have two distinguished vertices, so the symmetries of

CΓ3 is a subgroup of S2. Suppose there exists ξ ∈ GLn(D) such that ξ[P1] = [P3] and

ξ[P3] = [P1]. Representing the type of a vertex [L] by t(L), Since t(P1) ≡ 0 (mod 3)
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Figure 3.9:

[0, 2, 0] [0, 2, 1] [0, 2, 2] [0, 2, 3] [0, 2, 4]

[0, 1,−1] [0, 1, 0] [0, 1, 1] [0, 1, 2] [0, 1, 3] [0, 1, 4]

[0, 0,−1] [0, 0, 0] [0, 0, 1] [0, 0, 2] [0, 0, 3]

[0,−1,−2] [0,−1,−1] [0,−1, 0] [0,−1, 1] [0,−1, 2] [0,−1, 3]

and t(P2) ≡ 2 (mod 3), we must have t(ξ) ≡ 2 ≡ 1 (mod 3), which is a contradiction.

Therefore, N (Γ3)/D×Γ×3
∼= {e} is trivial.

Remark 3.7.7. When we talk about the symmetries of CΓ, we mean more than symme-

tries of a convex polytope in a Euclidean space, as we want to preserve the underlying

algebraic structure of the building. Indeed, consider the tiled order Γ4 with exponent

matrix MΓ4 =

 0 0 0
2 0 0
2 2 0

 and polytope in Figure 3.10. While the symmetry group

of an equilateral triangle in R2 is S3, the symmetry group of CΓ4 is strictly smaller,

since it does not have any transposition permuting two vertices while fixing the third.

Suppose there was some ξ ∈ GL3(D) interchanging [P1] and [P2], and fixing [P3].

Then

t(ξP1) ≡ t(P2) (mod 3)

t(ξP2) ≡ t(P1) (mod 3)

t(ξP3) ≡ t(P3) (mod 3).

Then t(ξ) ≡ 0 (mod 3), so t(P1) ≡ t(P2) (mod 3), which contradicts that the

types of P1 and P2 are in fact different!
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Figure 3.10:

[0, 2,−1] [0, 2, 0] [0, 2, 1] [0, 2, 2] [0, 2, 3]

[0, 1,−2] [0, 1,−1] [0, 1, 0] [0, 1, 1] [0, 1, 2] [0, 1, 3]

[0, 0,−2] [0, 0,−1] [0, 0, 0] [0, 0, 1] [0, 0, 2]

[0,−1,−3] [0,−1,−2] [0,−1,−1] [0,−1, 0] [0,−1, 1] [0,−1, 2]

Recall that the structural invariants encode the isomorphism class of a tiled order,

along with the congruence class of its associated polytope. We can find monomial

representatives for the symmetries of CΓ for a given tiled order Γ from its structural

invariants as follows:

Proposition 3.7.8. Let Γ = (pµij) be a tiled order, and {mij` | i, j, ` ≤ n} its set of

structural invariants. Then N (Γ) =
⋃
σ∈H ξσD

×Γ×, where H is the subgroup of the

symmetric group Sn given by H = {σ ∈ Sn |mij` = mσ(i)σ(j)σ(`) for all i, j, ` ≤ n},

and ξσ = (πµi1−µσ(i)σ(1)δσ(i)j) for δij the Kronecker delta.

In addition, if Γ has full geometric rank, let φ : N (Γ)→ Sn be the homomorphism

defined in Proposition 3.7.4. Then N (Γ) =
⊔
σ∈H ξσD

×Γ×, and φ(ξσ) = σ.

Proof. First, note that H is clearly a subgroup of Sn. Suppose we have σ ∈ H.

Setting ξσ := (παiδσ(i)j) for αi = µi1 − µσ(i)σ(1), we get ξσΓξ−1
σ = (pµ

′
ij), where

µ′ij = αi − αj + µσ(i)σ(j). Then

µ′ij = µi1 − µσ(i)σ(1) − µj1 + µσ(j)σ(1) + µσ(i)σ(j) = µij −mij1 +mσ(i)σ(j)σ(1) = µij,
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so Γ = ξσΓξ−1
σ and ξσ ∈ N (Γ). Therefore,

⋃
σ∈H ξσD

×Γ× ⊆ N (Γ).

To prove the other containment, let ξ ∈ N (Γ). By Theorem 3.2.6 and Corollary

3.2.10, we have a monomial matrix η = (πβiδσ(i)j) ∈ N (Γ) that permutes the distin-

guished vertices the same way ξ does, so ηD×Γ× = ξD×Γ×. Since ηΓη−1 = Γ, we

have that µij = βi − βj + µσ(i)σ(j) and

mij` = µij+µj`−µi` = βi−βj+µσ(i)σ(j)+βj−β`+µσ(j)σ(`)−βi+β`−µσ(i)σ(`) = mσ(i)σ(j)σ(`)

for all i, j, ` ≤ n. By the previous paragraph, ξσ = (πµi1−µσ(i)σ(1)δσ(i)j) is in N (Γ). But

since ηeiiη−1 = eσ−1(i)σ−1(i) = ξσeiiξ
−1
σ , both ξσ and η must act on the distinguished

vertices the same way, so ξD×Γ× = ηD×Γ× = ξσD
×Γ×, which shows the reverse

containment.

Finally, suppose Γ is has full geometric rank, and let σ, τ ∈ H such that ξσD×Γ× =

ξτD
×Γ×. Then ξσξ−1

τ eiiξτξ
−1
σ = eτσ−1(i)τσ−1(i), which means that ξσξ−1

τ [Pi] = [Pτσ−1(i)].

Since all distinguished vertices are distinct, this only happens if σ = τ . Finally, it is

clear that φ(ξσ) = σ.

Remark 3.7.9. By Lemma 3.3.3, [Pr] = [Ps] if and only if mijr = mijs, mirj =

misj and mrij = msij for all i, j ≤ n. Therefore, (rs) ∈ H = {σ ∈ Sn |mij` =

mσ(i)σ(j)σ(`) for all i, j, ` ≤ n}. Consider the subgroup G := 〈(rs) : r 6= s, [Pr] =

[Ps]〉 ≤ Sn. Then G is normal in H: let (rs) a generator for G as above and σ ∈

H, then σ(rs)σ−1 = (σ(r)σ(s)). Since σ ∈ H, so is σ−1, and by Lemma 3.3.2

mσ(s)σ(r)σ(s) = msrs = 0. Therefore, [Pσ(r)] = [Pσ(s)] and (σ(r)σ(s)) ∈ G.

Recall the homomorphisms φ : N (Γ) → St from Proposition 3.7.4, where t = #

of distinct distinguished vertices, and ψ : N (Γ) → Sn from Corollary 3.2.8. By
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Proposition 3.7.8, im(ψ) = H. Since G identifies when [Pr] = [Ps] for r 6= s, Lemma

3.2.9 implies that the quotient H/G is isomorphic to the subgroup in St given by

φ(N (Γ)), and we have the following diagram:

N (Γ) H

im(φ) H/G

ψ

φ

∼

.

In particular, N (Γ) =
⊔
σ ξσD

×Γ×, where we take the union over a full set of coset rep-

resentatives forH/G. However, working with the full groupH is more straightforward

than working with the quotient H/G, and the full set of monomial representatives

H̃ := {ξσ : σ ∈ H} will suffice for our future purposes. We have previously referred to

im(φ) in St as the symmetries of CΓ. We will now extend the term to refer to σ ∈ H.

Example 3.7.10. Let us consider the tiled order Γ with exponent matrix MΓ =0 1 1
2 0 1
2 2 0

. Then m123 = m231 = m312 = 1, m213 = m321 = m132 = 2, and

the permutation σ = (123) gives mij` = mσ(i)σ(j)σ(`). A monomial representative

for (123) is given by ξ(123) =

0 1 0
0 0 1
π 0 0

, and a representative for σ2 = (132) is

ξ(132) =

0 0 1
π 0 0
0 π 0

. Note that ξ(123)ξ(132) = πI3 ∈ D×Γ×. Therefore, we have

that N (Γ)/D×Γ× ∼= A3 or N (Γ)/D×Γ× ∼= S3. However, no transposition τ ∈ S3

gives mij` = mτ(i)τ(j)τ(`), so N (Γ)/D×Γ× ∼= A3. We can confirm the symmetries from

inspecting the polytope CΓ in Figure 3.11.

Corollary 3.7.11. Let Γ = (pµij) be a Gorenstein tiled order with full geometric

rank, and σ its Kirichenko permutation. Then σ is a symmetry of CΓ.
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Figure 3.11:

[0, 2,−1] [0, 2, 0] [0, 2, 1] [0, 2, 2] [0, 2, 3]

[0, 1,−2] [0, 1,−1] [0, 1, 0] [0, 1, 1] [0, 1, 2] [0, 1, 3]

[0, 0,−2] [0, 0,−1] [0, 0, 0] [0, 0, 1] [0, 0, 2]

[0,−1,−3] [0,−1,−2] [0,−1,−1] [0,−1, 0] [0,−1, 1] [0,−1, 2]

Proof. This follows from [49] (also see [22, Lemma 2.1]), which states that mij` =

mσ(i)σ(j)σ(`).

We now discuss normalizers of orders in the radical idealizer chain of Γ. Let

ξσ ∈ N (Γ) be one of the monomial matrices defined in Proposition 3.7.8. A computa-

tion similar to the one in the proof of Proposition 3.3.6 reveals that ξσJ(Γ)ξ−1
σ = J(Γ),

and ξσ permutes the vertices [Qi] = [µ̃1i, µ̃2i, . . . , µ̃ni] corresponding to the columns of

MJ(Γ). Recall from Proposition 3.5.6 that OL(J(Γ)) = ∩ni=1Λi, where Λi = EndR(Qi).

Since ξτ permutes the vertices [Qi], it will permute the maximal orders Λi, and

ξσOL(J(Γ))ξ−1
σ = OL(J(Γ)), so ξσ ∈ N (OL(J(Γ))). Reiterating the same argu-

ment, we get that any symmetry of CΓ will also be a symmetry of CΓi for each

Γi in the radical idealizer chain. However, the structure of N (Γi)/D
×Γ×i as a group

does not get preserved. For example, in the chain depicted in Figure 3.12, we get

N (Γ1)/D×Γ×1
∼= A3, while N (Γ2)/D×Γ×2

∼= S3 and N (Γ3)/D×Γ×3
∼= {e}.
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Figure 3.12:

[0, 2,−3] [0, 2,−2] [0, 2,−1] [0, 2, 0] [0, 2, 1] [0, 2, 2] [0, 2, 3]

[0, 1,−3] [0, 1,−2] [0, 1,−1] [0, 1, 0] [0, 1, 1] [0, 1, 2]

[0, 0,−4] [0, 0,−3] [0, 0,−2] [0, 0,−1] [0, 0, 0] [0, 0, 1] [0, 0, 2]

[0,−1,−4] [0,−1,−3] [0,−1,−2] [0,−1,−1] [0,−1, 0] [0,−1, 1]

[0,−2,−5] [0,−2,−4] [0,−2,−3] [0,−2,−2] [0,−2,−1] [0,−2, 0] [0,−2, 1]

Section 3.8
Normalizers of tiled orders and automorphisms of

quivers

In this section, which is relatively independent from the rest of the thesis (except for

Theorem 3.9.8), we assume our algebra is Mn(k), where k is a non-archimedean local

field, with valuation ring R, unique maximal ideal p and uniformizer π. We want to

interpret the normalizer of Γ as automorphisms of a quiver associated to Γ.

There are two equivalent constructions of such a quiver. We start with the link

graph of Γ = (pµij) as defined by Müller in [27]. Let M1,M2, . . . ,Mn be the maximal

2-sided ideals of Γ, where the `th ideal has the same exponents as Γ, except for the

(i, i) position, where the exponent 0 is replaced by 1 (so M` = (prij) where rij = µij if

` 6= i, j, and r`` = 1). The vertices of the link graph are labeled by the set {1, 2, . . . , n},
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3.8 Normalizers of tiled orders and automorphisms of quivers

and there is an arrow i→ j when MjMi 6= Mj ∩Mi. We may also assign a value to

the arrow i→ j by v(i→ j) = µij. We denote the unvalued quiver by Q(Γ), and the

valued quiver by Qv(Γ). We denote by [Q(Γ)] the adjacency matrix of Q(Γ), where

the (i, j) entry is 0 if there is no arrow i→ j, and 1 if there is such an arrow.

An equivalent way to define the quiver is given by Wiedemann and Roggenkamp

in [46]. Recall the ideals Γeii ⊂ Γ, corresponding to the ith column of Γ and the

ith distinguished vertex. The radical of Γeii is given by rad(Γeii) = J(Γ)eii, the ith

column of the Jacobson radical of Γ. The vertices of the quiver are again labeled by

{1, 2, . . . , n}, and there is an arrow from i to j if and only if Γeii is a summand of the

projective cover of rad(Γeii).

The two constructions are equivalent by [10, Proposition 1.2]. However, note that

the arrows in the two constructions are pointed in opposite directions. We will follow

the convention in Müller [27]. There are a few ways to compute the adjacency matrix.

Lemma 3.8.1 (Fujita, Oshima [12]). Given a tiled order Γ, there is an arrow i→ j

in Qv(Γ) if mj`i > 0 for all ` 6= i, j, and there is an arrow i → i if mi`i > 1 for all

` 6= i.

Proof. See [12, page 578]. However, note that Fujita and Oshima follow a convention

where the arrows are pointed in the opposite direction.

There is another way to find the adjacency matrix of tiled orders with full geo-

metric rank. Recall the Jacobson radical J(Γ) and its exponent matrix MJ(Γ), and

let J(Γ)2 = J(Γ)J(Γ) with exponent matrix MJ(Γ)2 .

Theorem 3.8.2 (Theorem 14.6.2, [18]). Let Γ be a tiled order with full geometric

rank. The adjacency matrix of its quiver is [Q(Γ)] = (MJ(Γ)2 −MJ(Γ))
T .
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Note that the transpose in the theorem above is due to the two different conven-

tions.

By Skolem-Noether, the R-automorphisms of Γ, denoted by AutR(Γ) are given

by conjugation by elements ξ ∈ GLn(k) such that ξΓξ−1 = Γ, and therefore by the

normalizer N (Γ). The group of automorphisms of Q(Γ), denoted by Aut(Q(Γ)) can

be identified with a subgroup of Sn, permuting vertices with identical incoming and

outgoing arrows. By [15, Lemma 1], Haefner and Pappacena describe the automor-

phisms of a tiled order in terms of automorphisms of its associated quiver, mirroring

Proposition 3.7.4:

Lemma 3.8.3. There is a group homomorphism φ : AutR(Γ) → Aut(Q(Γ)) whose

kernel contains the inner automorphisms Inn(Γ).

In [15, Theorem 5], Haefner and Pappacena prove that σ ∈ Aut(Q(Γ)) ⊆ Sn is

liftable to a an element in AutR(Γ) if and only if the system

xi − xj = µij − µσ(i)σ(j), i < j

has a solution x = (x1, . . . , xn) ∈ Zn. But then

mij` −mσ(i)σ(j)σ(`) = µij + µj` − µi` − µσ(i)σ(j) − µσ(j)σ(`) + µσ(i)σ(`)

= (xi − xj) + (xj − x`)− (xi − x`) = 0,

which mirrors the result from Proposition 3.7.8.

Using arguments similar to the proof of Theorem 3.2.6, they show in [15, Lemma

3] that every permutation in the image of φ has a monomial representative.
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Example 3.8.4. Consider the tiled order Γ1 from Example 3.7.6, with exponent

matrix MΓ1 =

 0 0 −1
1 0 −1
3 2 0

. The unvalued quiver is given by the adjacency matrix

[Q(Γ1)] =

 0 1 0
1 0 1
0 1 0

, and the quiver is

1

3 2

The only automorphism of the quiver is permuting the first and third vertex,

and from Example 3.7.6, we know there is a corresponding monomial matrix in the

normalizer.

However, this automorphism of the tiled order does not correspond to an auto-

morphism of the valued quiver Qv(Γ), which is given by

1

3 2

0

−1

1

2

Usually, the group of automorphisms of the quiver is strictly larger than the image

of φ.

Example 3.8.5. Let Γ have exponent matrix

MΓ =

0 1 1
2 0 1
2 2 0

 .
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The adjacency matrix of Q(Γ) is given by [Q(Γ)] =

1 1 1
1 1 1
1 1 1

, so the automorphism

group of the quiver is S3. However, by type arguments similar to the one in Example

3.7.7, we see there is no automorphism of the tiled order interchanging the first and

second vertex.

We finish the section with a few remarks about Gorenstein tiled orders. From

Corollary 3.7.11 and the discussion above, the Kirichenko permutation σ will give an

automorphism of the unvalued quiver. At the same time, it follows from Theorem

3.6.4 that mijσ(i) = 0 for all j ≤ n, which by Lemma 3.8.1 means there is no arrow

from σ(i)→ i. Therefore, quivers of Gorenstein tiled orders have nice automorphisms

and relatively few arrows, which make them an interesting subject of study, as seen

in papers such as [35], [5] and [6].

Section 3.9

Centered orders

In this section, we return to the general case, where the local algebra is Mn(D), and

D is a central division algebra over a local non-archimedean field k. Denote by R

the valuation ring in k, by ∆ the unique maximal R-order in D, and by π a prime

element in ∆ generating the unique maximal two-sided ideal p := π∆ = ∆π. In

Proposition 3.7.8, we described representatives for the symmetries of CΓ; in Theorem

3.9.3, we will associate to each tiled order Γ ⊆Mn(D) an order Γc whose polytope has

the same symmetries as CΓ, but which are much easier to deduce from the exponent

matrix.

In addition, we will consider D = k as a special case. While the automorphisms
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of a tiled order Γ in Mn(k) manifest themselves as automorphisms of its quiver Q(Γ),

as we have seen in Example 3.8.4 they do not necessarily induce automorphisms of

the valued quiver Qv(Γ). Theorem 3.9.8 will solve this inconvenience, where we will

get N (Γ)/k×Γ× ∼= N (Γc)/k
×Γ×c

∼= Aut(Qv(Γc)). We start with borrowing some

geometric intuition from the building theoretic context.

Definition 3.9.1. Let Γ be a tiled order with exponent matrix MΓ = (µij). Define

mi := 1
n

∑n
`=1 µi` to be the average of each row. We say Γ is centerable if the tuple

(0,m2−m1, . . . ,mn−m1) corresponds to a vertex in the apartment. In this case, we

call [L] = [0,m2 −m1, . . . ,mn −m1] the center of Γ.

Note that the center is on CΓ, since

(mi −m1)− (mj −m1) = mi −mj =
1

n

n∑
`=1

(µi` − µj`) ≤
1

n

n∑
`=1

µij = µij,

and likewise −µji ≤ (mi−m1)− (mj −m1). If we also require the centers to be fixed

by all the symmetries of CΓ, we can think of the center as a “center of symmetry”,

and we define a new type of tiled order:

Definition 3.9.2. Let Γ be a centerable tiled order. If its center corresponds to the

vertex [L] = [0, 0, . . . , 0] such that [L] is fixed under all the symmetries of CΓ, we say

Γ is centered.

Suppose σ is a symmetry of CΓc for a centered tiled order Γc. Then ξσ ∈ N (Γc)

must normalize the maximal orderMn(∆) corresponding to the vertex [0, 0, . . . , 0], so

ξσ ∈ k×GLn(∆) by Proposition 3.7.1. We can verify that ξσ as defined in Proposition

3.7.8 must in fact be a permutation matrix. This gives nice relations between the

exponents µij = µσ(i)σ(j) for all i, j ≤ n. In the case D = k, σ is an automorphism of
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the valued quiver Qv(Γc), since σ is an automorphism of the unvalued quiver Q(Γc)

by Lemma 3.8.3, and given any arrow i→ j, we will have

µij = v(i→ j) = v(σ(i)→ σ(j)) = µσ(i)σ(j).

As shown later in the section, it will prove to be convenient to work with centered

tiled orders. In the following theorem, given any tiled order Γ, we can associate to it

a centered tiled order Γc whose convex polytope CΓc has the same symmetries in Sn

as CΓ.

Theorem 3.9.3. Given a tiled order Γ = (pµij) with structural invariants {mij`},

define Γc = (pνij) where νij =
∑n

`=1mij`. Then Γc is a centered tiled order with

structural invariants m̃ij` = n ·mij` for all 1 ≤ i, j, ` ≤ n, and σ ∈ Sn is a symmetry

of CΓ if and only if νij = νσ(i)σ(j).

Proof. First we show Γc is also a tiled order. Note that

νii =
n∑
`=1

mii` =
n∑
`=1

(µii + µi` − µi`) = 0.

Γc has structural invariants {m̃ijt |1 ≤ i, j, t ≤ n} given by

m̃ijt = νij + νjt − νit =
n∑
`=1

mij` +
n∑
`=1

mjt` −
n∑
`=1

mit`

=
n∑
`=1

(mij` +mjt` −mit`)

=
n∑
`=1

(µij + µj` − µi` + µjt + µt` − µj` − µit − µt` + µi`)

=
n∑
`=1

(µij + µjt − µit) = n ·mijt ≥ 0,
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and since Γ itself is a tiled order and mijt ≥ 0, it follows that Γc is also a tiled order.

Next, we establish the bijection between the symmetries of CΓ and the elements

in Sn such that νij = νσ(i)σ(j). By Proposition 3.7.8 we need to show that

mij` = mσ(i)σ(j)σ(`) for all i, j, ` ≤ n ⇐⇒ νij = νσ(i)σ(j) for all i, j ≤ n.

Suppose σ ∈ Sn such that mij` = mσ(i)σ(j)σ(`) for all i, j, ` ≤ n. Then

νσ(i)σ(j) =
n∑
`=1

mσ(i)σ(j)` =
n∑

σ(`)=1

mσ(i)σ(j)σ(`) =
n∑

σ(`)=1

mij` =
n∑
`=1

mij` = νij.

Conversely, if νij = νσ(i)σ(j), then

n ·mij` = m̃ij` = m̃σ(i)σ(j)σ(`) = n ·mσ(i)σ(j)σ(`),

so by Proposition 3.7.8, σ is a symmetry of CΓ.

Finally, we show that Γc is centered. First, we need to find its center [L] =

[0,m2 −m1, . . . ,mn −m1] for mi := 1
n

∑n
`=1 νi`. Then

mi =
1

n

n∑
j=1

νij =
1

n

n∑
j=1

n∑
`=1

(µij+µj`−µi`) =
1

n

(
n∑
j=1

n∑
`=1

µij +
n∑
j=1

n∑
`=1

µj` −
n∑
j=1

n∑
`=1

µi`

)

=
1

n

(
n

n∑
j=1

µij +
n∑
j=1

n∑
`=1

µj` − n
n∑
`=1

µi`

)
=

1

n

n∑
j=1

n∑
`=1

µj`.

Therefore m1 = m2 = · · · = mn, and the center is [L] = [0, 0, . . . , 0].

Now we want to show that each symmetry of CΓc fixes the origin. Note that

since m̃ij` = n ·mij`, the symmetries of CΓ are the same as the symmetries of CΓc .
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Given a symmetry σ ∈ Sn of CΓc , by Proposition 3.7.8 we obtain a representative

ξσ ∈ N (Γc) where ξσ = (παiδσ(i)j) and αi = νi1 − νσ(i)σ(1) = 0, since we have just

shown that νij = νσ(i)σ(j) for all i, j ≤ n. Therefore, ξσ is a permutation matrix and

ξσ ∈ GLn(∆). By Proposition 3.7.1, ξ ∈ N (Mn(∆)). Conjugation by ξσ will fix

Mn(∆), and therefore the vertex [0, 0, . . . , 0] associated to Mn(∆). Since this holds

for every symmetry of CΓc , Γc is by definition centered.

Example 3.9.4. Let Γ be the tiled order with MΓ =

 0 1 −2
0 0 −2
3 3 0

, with CΓ de-

picted in Figure 3.13 in blue. By Proposition 3.7.8, a representative ξσ in the nor-

malizer of Γ is

ξσ =

 0 1 0
0 0 π−3

π2 0 0

 =

 1 0 0
0 π−3 0
0 0 π2

 0 1 0
0 0 1
1 0 0

 .

The associated tiled order is Γc with MΓc =

 0 2 1
1 0 2
2 1 0

, with convex polytope

depicted in Figure 3.13 in red. Since ν12 = ν23 = ν31, ν13 = ν21 = ν32, we get a

representative of the normalizer ξσ =

 0 1 0
0 0 1
1 0 0

.

There is a geometric connection between Γ and Γc, which allows us to obtain Γc

without necessarily finding all the structural invariants mij`:

Corollary 3.9.5. Let Γ be a tiled order. The centered tiled order Γc constructed in

Theorem 3.9.3 is the tiled order whose convex polytope CΓc is given by scaling CΓ by

n, then translating the new scaled polytope so that its center aligns with the origin

[0, 0, . . . , 0].
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Figure 3.13:

[0, 1,−2] [0, 1,−1] [0, 1, 0] [0, 1, 1] [0, 1, 2] [0, 1, 3]

[0, 0,−2] [0, 0,−1] [0, 0, 0] [0, 0, 1] [0, 0, 2] [0, 0, 3]

[0,−1,−3] [0,−1,−2] [0,−1, 1] [0,−1, 2] [0,−1, 3] [0,−1, 4]

[0,−2,−3] [0,−2,−2] [0,−2,−1] [0,−2, 0] [0,−2, 1]

Proof. Let Γ have exponent matrix (µij). The scaled tiled order has exponent matrix

(nµij), and center L = [
∑n

`=1 µ1`,
∑n

`=1 µ2`, . . . ,
∑n

`=1 µn`]. The translation corre-

sponds to conjugation by the diagonal matrix with the (i, i) entry π−
∑n
`=1 µi` . The

obtained tiled order has exponents

νij = nµij−
n∑
`=1

µi`+
n∑
`=1

µj` =
n∑
`=1

µij−
n∑
`=1

µi`+
n∑
`=1

µj` =
n∑
`=1

(µij+µj`−µi`) =
n∑
`=1

mij`,

which gives us the same exponents as the statement of Theorem 3.9.3.

Remark 3.9.6. Let Γ be a tiled order with structural invariants mij` and associ-

ated centered order Γc = (pνij). By Theorem 3.9.3, H = {σ ∈ Sn : mij` =

mσ(i)σ(j)σ(`) for all i, j, ` ≤ n} = {σ ∈ Sn : νij = νσ(i)σ(j) for all i, j ≤ n}. Therefore,

we can find an overgroup G ≤ Sn of H, corresponding to a product of symmetric

groups, by partitioning the columns (and/or rows) of MΓc into sets, where each col-

umn (and/or row) has the same multiset of exponents . This is best illustrated by an

example. Consider the tiled order Γ with exponent matrix MΓ, and using Corollary
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3.9.5, we find the corresponding centered order Γc with exponent matrix MΓc .

MΓ =


0 2 2 1 2 2
3 0 2 2 3 3
3 0 0 2 2 1
1 1 2 0 3 3
1 2 2 1 0 0
3 2 2 2 2 0

 MΓc =


0 16 11 7 9 14
14 0 7 9 11 16
19 5 0 14 10 9
5 9 10 0 14 19
9 19 14 10 0 5
16 14 9 11 7 0

 .

Note that columns (and rows) 1, 2, 6 have the same exponents, and so do columns

(and rows) 3, 4, 5. Therefore, setting G = 〈(12), (26), (34), (45)〉 ∼= S3 × S3, we get

H ≤ G.

The construction of Γc also helps us identify the symmetries of hereditary orders

whose polytopes are chambers:

Corollary 3.9.7. Let Γ ⊆Mn(D) be a hereditary for which CΓ is a chamber. Then

N (Γ)/D×Γ× ∼= Z/nZ.

Proof. Since all chambers are congruent, and congruent polytopes correspond to

isomorphic orders, Γ must be isomorphic to the tiled order with exponent matrix
0 1 1 · · · 1
0 0 1 · · · 1

0 0 0
. . . 1

...
...

... . . . 1
0 0 0 · · · 0

. Note that since all the vertices are distinct, N (Γ)/D×Γ× is

isomorphic to a subgroup of Sn. By Corollary 3.9.5, Γc is obtained by scaling the

matrix by n, then translating the scaled order so that the center align with the
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origin. The scaling gives us the tiled order


0 n n · · · n
0 0 n · · · n

0 0 0
. . . n

...
...

... . . . n
0 0 0 · · · 0

, whose center is

[n−1, n−2, . . . , 2, 1]. The translation corresponds to conjugating the scaled order by

the diagonal matrix (π−n+iδij). If i < j, the (i, j) entry in the exponent matrix of Γc

is given by νij = n+ i− j. For i ≥ j, the exponent is νij = i− j. Γc has exponent ma-

trix



0 n− 1 n− 2 n− 3 · · · 1
1 0 n− 1 n− 2 · · · 2
2 1 0 n− 1 · · · 3
...

... . . . . . . . . . ...

n− 2 n− 3 n− 4
. . . . . . n− 1

n− 1 n− 2 n− 3 n− 4 · · · 0


. Indeed, letting σ = (123 . . . n), then

νij = νσ(i)σ(j) for all i, j ≤ n, and the only elements τ ∈ Sn for which νij = ντ(i)τ(j)

are τ ∈ 〈σ〉.

We have already discussed how the symmetries of the convex polytope of a cen-

tered order give us automorphisms of its valued quiver. The following result gives us

the converse as well:

Theorem 3.9.8. Given a centered tiled order Γc = (pνij) inMn(k), there is a bijection

between Aut(Qv(Γc)) and the symmetries of CΓc.

Proof. Let σ ∈ Aut(Qv(Γc)). Then σ ∈ Aut(Q(Γc)) is also an automorphism of the

unvalued quiver, and Haefner and Pappacena have shown in [15, Theorem 5] that σ

is liftable to an symmetry of CΓc if and only if the linear system

xi − xj = νij − νσ(i)σ(j), i < j

has a solution x = (x1, . . . , xn) ∈ Zn. Since σ ∈ Aut(Qv(Γc)), for any valued arrow
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α : i → j, there is an arrow β : σ(i) → σ(j), and its value is v(β) = v(α). Since

v(α) = νij and v(β) = νσ(i)σ(j), this implies νij = νσ(i)σ(j) for all i, j ≤ n, so the system

above has a solution (0, 0, . . . , 0) ∈ Zn. Therefore, by [15], σ lifts to a symmetry of

CΓc .

Now suppose σ is a symmetry of CΓc . By [15, Lemma 1], σ is an automorphism

of the unvalued quiver Q(Γ), so for a given arrow α : i → j, there is an arrow

β : σ(i) → σ(j). To show that σ is also an automorphism of the valued quiver

Qv(Γc), we need in addition that the value of v(β) = v(α). Since Γc is centered, we

have from Theorem 3.9.3 that νij = νσ(i)σ(j). But v(α) = νij and v(β) = νσ(i)σ(j), so

the result follows.

Therefore, the centered tiled orders Γc are quite useful, and allow us to bypass

checking relations on the roughly n3 structural invariants, and instead focus on n2

exponents. In the final section of this chapter, we investigate possible symmetry

groups for the associated polytopes CΓ.

Section 3.10

Possible symmetry groups of convex polytopes

For n = 2, Hijikata [19] showed that if Γ is tiled and nonmaximal (and therefore a

local Eichler order), then N (Γ)/D×Γ× ∼= Z/2Z. For n = 3, N (Γ)/D×Γ× ⊆ S3 and

in fact all subgroups of S3 are realizable as symmetry groups of convex polytopes

of tiled orders; we have the nontrivial subgroups in Examples 3.8.4 and 3.8.5. As

n increases, there are however a number of subgroups of Sn that are not realizable

as the symmetry group of CΓ. In particular, we have the following easy corollary to

Theorem 3.9.3:
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Corollary 3.10.1. Suppose we have a tiled order Γ with structural invariants mij`

and H = {σ ∈ Sn : mij` = mσ(i)σ(j)σ(`) for all i, j, ` ≤ n}. If H is a 2-transitive

subgroup of Sn, then H = Sn.

Proof. Let Γc = (pνij) be the associated centered order of Γ. H being 2-transitive

means that given any pairs (i, j), (`, t) with i 6= j and ` 6= t, there exists σ ∈ H such

that σ(i) = ` and σ(j) = t. By Theorem 3.9.3, νij = νσ(i)σ(j) = ν`t. Therefore, all of

the off-diagonal exponents are equal and νij = νσ(i)σ(j) for all σ ∈ Sn, so H = Sn.

In particular, An is not a possible symmetry group for n ≥ 4, and it is the only

subgroup of S4 that is not realizable as a symmetry group for a tiled order Γ ⊆M4(D).

Once we get to n = 5, we get other kinds of subgroups, including subgroups that are

not 2-transitive. Doing the computations in Magma [3], we got the following ineligible

subgroups of S5:

(a) The alternating group A5 = 〈(12)(35), (1, 4, 3)〉 and the general affine group

GA(1, 5) = 〈(1, 2, 3, 4, 5), (2, 3, 5, 4)〉 are 2-transitive.

(b) Any embedding of the alternating group A4 in S5 is ineligible.

(c) Any embedding of the twisted S3 in S5, which is a subgroup of order 6 and

conjugate to G := 〈(1, 3)(4, 5), (1, 2, 3)〉. If G ⊆ φ(N (Γ)), then N (Γ)/D×Γ× ∼=

〈(1, 2), (1, 3), (4, 5)〉 ∼= S3 × S2.

As n increases, the proportion of eligible symmetry groups decreases. When n = 6,

17 of the 56 subgroups of S6 are ineligible. As n ≥ 10, the proportion seems to

decrease to under 40%. It would be of interest to find a way to classify the subgroups

of Sn that are not eligible to be symmetry groups of convex polytopes beyond the

2-transitivity criterion discussed above.
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Chapter 4

Type numbers of global tiled orders

Section 4.1

Introduction

In this chapter, we take a global perspective, and use the results obtained in Chapter

3 to investigate arithmetic properties of global orders. Let A be a central simple

algebra of degree n ≥ 3 over a number field K. Denote the set of places of K

by Pl(K), and the subset of real places of K ramifying in A by Ω. By the Artin-

Wedderburn theorem, at each ν ∈ Pl(K) we have Aν ∼= Mrν (Dν) for some central

division algebra Dν of degree n/rν over Kν . Consider Γ an order in A, such that Γν

is tiled at each finite place ν ∈ Pl(K) (see the equivalent definitions in Proposition

3.1.4). If ν is an infinite place, we set Γν := Aν .

By Skolem-Noether, Γ and Γ′ are (everywhere) locally isomorphic if and only if

Γν = ξνΓ
′
νξ
−1
ν for some ξν ∈ A×ν at all finite places ν of K, in which case we say

they are in the same genus. Since these local isomorphisms do not necessarily lift

to a global isomorphism Γ = ξΓ′ξ−1 for ξ ∈ A×, a natural question to consider is
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determining the number of global isomorphism classes inside the genus of Γ. We call

this number the type number of Γ, and will denote it by G(Γ).

Type numbers of orders in central simple algebras have been investigated in a a

few different contexts. The case for maximal and Eichler orders in definite quater-

nion algebras over number fields have been studied originally by Deuring [7], and

subsequently by Eichler [8], Peters [30] and Pizer [31], [32]. On the other hand,

type numbers of Eichler orders in not totally definite quaternion algebras have been

considered by Vigneras in [44], and employs strong approximation. It is precisely

this property of certain central simple algebras that we will utilize in this section to

compute type numbers.

The case for algebras A of degree n ≥ 3 over a number field K has been considered

in [25], which investigates the genus of maximal orders. Since the degree of A over K

is at least 3, one can apply strong approximation and express the arithmetic of the

global order in terms of idelic arithmetic over the field K. In particular, consider a

maximal order Λ ⊆ A. Recall the idelic notation for JK and JA, as well as the reduced

norm maps nrA/K : A → K and nrAν/Kν : Aν → Kν , which induce nr : JA → JK

where nr((aν)ν) = (nrAν/Kν (aν))ν . Denote the normalizer of Λν by N (Λν), and the

restricted product
∏′

ν N (Λν) := JA ∩
∏

ν N (Λν). Then the type number G(Λ) is

given by the number of double cosets A×\JA/
∏′

ν N (Λν). As a consequence of strong

approximation, the reduced norm induces a bijection

nr : A×\JA/
∏′

ν

N (Λν)→ K×\JK/ nr(
∏′

ν

N (Λν)) = JK/K
× nr(

∏′

ν

N (Λν)). (4.1)

For more details, see Chapter 34 in [34] and Section 28.4 in [45].

In this chapter, we consider non-maximal orders Γ which are everywhere locally
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tiled. Since A satisfies the Eichler condition, strong approximation still applies, and

in order to find the number of idelic cosets, we need to find nr(N (Γν)) at each finite

place. Proposition 4.2.2 gives an algebraic expression for nr(N (Γν)), which requires

knowledge of the normalizer N (Γν) as described in Theorem 3. Since computing the

normalizer is no trivial matter as we have seen in Chapter 3, we will use a geometric

approach to find nr(N (Γν)). Recall that isomorphic tiled orders have congruent

polytopes. Therefore, one can partition the convex polytopes congruent to CΓν into

“reflection classes”, where two polytopes are in the same reflection class if there exists

a product of reflections sending one polytope to the other. In Theorem 4.3.7, we show

that nr(N (Γν)) = (Kν)
dνO×ν , where dν is determined by the number of such reflection

classes of convex polytopes congruent to CΓν .

There is a rather straightforward approach for finding the number of reflection

classes of a polytope in a few important cases. One such case is for the local algebra

Mrν (Dν) with rν prime, described in Remark 4.3.11. The general approach for finding

the number of reflection classes is outlined in Remark 4.3.14.

In the final section, we compute type numbers. We express the idelic cosets

in terms of class groups. An important example is given in Theorem 4.4.4, which

considers algebras of odd prime degree over a fieldK; thenAν ∼= Mp(Kν) orAν ∼= Dν a

division algebra. Together with the algorithm in Remark 4.3.11, we get a powerful and

straightforward approach for finding type numbers of everywhere locally tiled orders in

algebras of prime degree. A general formula for type numbers is obtained in Theorem

4.4.11, which expresses type numbers as sizes of certain class group quotients.
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Section 4.2
Algebraic considerations for finding local

normalizers

In this section, we investigate local reduced norms. We reestablish notation for Sec-

tions 3.2 and 3.3. Given a tiled order Γ ⊆ Mr(D) =: A, where D is a central

division algebra of degree m over a non-archimedean local field k, we want to de-

scribe nrA/k(N (Γ)). We will often lose the subscript under the reduced norm, and

write nr(N (Γ)) instead. Denote the valuation ring of k by R, with uniformizer π and

unique maximal ideal P , and the unique maximal R-order in D by ∆, with prime

element π ∈ ∆ such that πm = π, and unique maximal two-sided ideal p = π∆.

We start with maximal orders. For Λ a maximal order in Mr(D), by [34, (17.3)]

we have Λ = ξMr(∆)ξ−1 for an element ξ ∈ GLr(D). Recall from Corollary 3.7.2

that N (Λ) = ξD×GLr(∆)ξ−1. This allows us to deduce reduced norms:

Lemma 4.2.1. Suppose Λ is a maximal order in A = Mr(D). Then

nrA/k(N (Λ)) = (k×)rR×.

Proof. Since norms are multiplicative and k is commutative, we have

nrA/k(ξD
×GLn(∆)ξ−1) = nrA/k(D

×Ir) nrA/k(GLr(∆)),

where Ir is the r× r identity matrix. First, note that by Equation (2.2) nrA/k(xIr) =

(nrD/k(x))r for any x ∈ D. Since nrD/k(D) = k (see page 153 in [34]), we get

nrA/k(D
×Ir) = (k×)r. As discussed in Chapter 2, also nrD/k(∆) = R. This allows us
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4.2 Algebraic considerations for finding local normalizers

to conclude that nrA/k(GLr(∆)) = R×.

Let Γ = (pµij) be a tiled order with structural invariants mijk and normalizer

N (Γ) = {ξ ∈ GLr(D) | ξΓξ−1 = Γ}. As seen in Chapter 3 in Proposition 3.7.8, we

have N (Γ) =
⋃
ξσ∈H̃ ξσD

×Γ×, where H̃ := {ξσ = (πµi1−µσ(i)σ(1)) |σ ∈ H} and H is the

subgroup of Sr given by H = {σ ∈ Sr |mijk = mσ(i)σ(j)σ(k)}. Then

nrA/k(N (Γ)) =
⋃
ξσ∈H̃

nrA/k(ξσD
×Γ×) =

⋃
ξσ∈H̃

nrA/k(ξσ) nrA/k(D
×Ir) nrA/k(Γ

×).

As before, nrA/k(D
×Ir) = (k×)r, and each maximal order Λ = ζMr(∆)ζ−1 has

nrA/k(Λ
×) = nrA/k(GLr(∆)) = R×. Since Γ is an intersection of maximal orders,

we get nrA/k(Γ
×) ⊆ R×. On the other hand, the diagonal matrix diag(a, 1, 1, . . . , 1)

belongs to Γ for any unit a ∈ ∆, so R× ⊆ nrA/k(Γ
×). Therefore

nrA/k(N (Γ)) =
⋃
ξσ∈H̃

nrA/k(ξσ)(k×)rR×.

Since ξe = Ir, we have (k×)rR× ⊆ N (Γ), and we have nested subgroups

(k×)rR× ⊆ N (Γ) ⊆ k×.

The valuation v on the field k induces a homomorphism

nr(N (Γ))→ Z/rZ (4.2)

x 7→ v(x) (mod r) (4.3)

with kernel (k×)rR×. Therefore nr(N (Γ))/(k×)rR× has the structure of a subgroup
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of Z/rZ. In particular, since nr(N (Γ)) =
⋃
ξσ∈H̃ nrA/k(ξσ)(k×)rR×, and the homo-

morphism above is constant on each set in this union, this subgroup is generated by

the set {v(nr(ξσ)) (mod r) : ξσ ∈ H̃}. By Lemma 2.2.6 and the definition of the type

of a matrix, we have

v(nr(ξσ)) ≡ vD(det(ξσ)) ≡ t(ξσ) (mod r).

Therefore, we need to find t(ξσ) for ξσ ∈ H̃. We have ξσ[Pσ(i)] = [Pi] for all i ≤ r,

so t(ξσ) ≡ t(Pi)− t(Pσ(i)) (mod r) for all i ≤ r. In particular, t(ξσ) ≡ t(P1)− t(Pσ(1))

(mod r). But then t(ξτ ) ≡ t(Pσ(1))− t(Pτσ(1)) (mod r) for any other ξτ ∈ H̃. Then

t(ξτσ) ≡ t(P1)− t(Pτσ(1)) ≡ t(ξτ ) + t(ξσ) (mod r) for all ξσ, ξτ , ξστ ∈ H̃. (4.4)

Since H is a subgroup of Sr, the subgroup 〈t(ξσ) : ξσ ∈ H̃〉 ⊆ Z/rZ coincides with

the set {t(ξσ) : ξσ ∈ H̃}. This allows us to conclude:

Proposition 4.2.2. Let Γ = (pµij) ⊂ Mr(D) be a tiled order with structural invari-

ants mij`, and H the subgroup of Sr where

H = {σ ∈ Sr |mij` = mσ(i)σ(j)σ(`) for all i, j, ` ≤ r}. Let H̃ = {ξσ = (πµ1i−µσ(1)σ(i)) :

σ ∈ H} be the set of monomial matrices from Proposition 3.7.8. Then

nr(N (Γ)) = (k×)dR×, where d | r,

and dZ/rZ = {t(ξσ) : ξσ ∈ H̃} is the subgroup of Z/rZ given by the types of the

monomial matrices in H̃.

94



4.3 Reflection classes

Section 4.3

Reflection classes

In the previous section, we have seen that nr(N (Γ)) = (k×)dR× for some d|r, and

we have (k×)rR× ⊆ nr(N (Γ)) ⊆ k×. In this section, we describe the factor d in a

building-theoretic way. Fix an apartment A and consider a tiled order Γ with convex

polytope CΓ in A. In this section, we will define an equivalence relation between

polytopes geometrically congruent to CΓ, and will prove in Theorem 4.3.7 that d is

the number of equivalence classes in this equivalence relation. The first description of

these classes is rather algebraic, but we have a geometric interpretation in Proposition

4.3.6.

We set notation for this section. For a tiled order Γ, we denote its structural invari-

ants bymij`, the types of its distinguished vertices by (t1, . . . , tr) := (t(P1), . . . , t(Pr)),

and H, H̃, and d as in Proposition 4.2.2.

Let Γ and Γ′ be two tiled orders, with structural invariants (mij`)i,j,`≤r and

(m′ij`)i,j,`≤r, and types of distinguished vertices (ti)
r
i=1 and (t′i)

r
i=1.

Definition 4.3.1. Define the following relation on the set of tiled orders: Γ ∼ Γ′ if

and only if there exists σ ∈ Sn such that

m′ij` = mσ(i)σ(j)σ(`) and t′i = tσ(i) for all i, j, ` ≤ r.

The relation just defined is clearly an equivalence relation. We write

[Γ] = [(mij`), (t1, t2, . . . , tr)] = [(m′ij`), (t
′
1, t
′
2, . . . , t

′
r)] = [Γ′],
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where the tuples (mij`) and (m′ij`) are in lexicographical order. By Proposition 3.3.6

two equivalent tiled orders are isomorphic, so this equivalence relation partitions

convex polytopes congruent to CΓ in the apartment A into distinct classes.

Example 4.3.2. Let Γ, Γ′ and Γ′′ have exponent matrices

MΓ =

 0 1 2
0 0 1
0 1 0

 MΓ′ =

 0 −1 −1
3 0 1
2 1 0

 MΓ′′ =

 0 0 2
1 0 2
0 0 0

 .

Since mijj = 0, and miji = mij` + mji`, we can restrict ourselves to computing the

invariants mij` for i 6= j 6= ` 6= i. Then

[Γ] = [(m123,m132,m213,m231,m312,m321), (t1, t2, t3)] = [(0, 2, 1, 1, 0, 1), (0, 2, 0)]

[Γ′] = [(m′123,m
′
132,m

′
213,m

′
231,m

′
312,m

′
321), (t′1, t

′
2, t
′
3)] = [(1, 1, 1, 0, 0, 2), (2, 0, 0)].

[Γ′′] = [(m′′123,m
′′
132,m

′′
213,m

′′
231,m

′′
312,m

′′
321), (t′′1, t

′′
2, t
′′
3)] = [(0, 2, 1, 1, 0, 1), (1, 0, 1)].

Since for σ = (123) we have m′ij` = mσ(i)σ(j)σ(`) and t′i = tσ(i), [Γ] = [Γ′] 6= [Γ′′]. In

Figure 4.1, Γ has polytope in blue, Γ′ polytope in green, and Γ′′ polytope in red, all

three being congruent. However, Γ and Γ′ are in the same equivalence class, while Γ′′

is in a different one. We proceed by identifying a geometric criterion for determining

these equivalence classes.

While studying these equivalence relations, we will make use of the following fact.

Let Γ = (pµij) be a tiled order with structural invariants mij`, distinguished vertices

[Pi], and types of distinguished vertices ti. Given ξ = (παiδσ(i)j) a monomial matrix,

and Γ′ = ξΓξ−1 = (pµ
′
ij) a tiled order with structural invariants m′ij`, distinguished

vertices [P ′i ] and types t′i. Then µ′ij = µσ(i)σ(j) for all i, j ≤ r, so ξ[Pσ(i)] = [P ′i ] and

m′ij` = mσ(i)σ(j)σ(`)

t′i = t(ξ) + tσ(i).
(4.5)
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Figure 4.1:

[0, 3,−2] [0, 3,−1] [0, 3, 0] [0, 3, 1] [0, 3, 2] [0, 3, 3]

[0, 2,−3] [0, 2,−2] [0, 2,−1] [0, 2, 0] [0, 2, 1] [0, 2, 2] [0, 2, 3]

[0, 1,−3] [0, 1,−2] [0, 1,−1] [0, 1, 0] [0, 1, 1] [0, 1, 2]

[0, 0,−4] [0, 0,−3] [0, 0,−2] [0, 0,−1] [0, 0, 0] [0, 0, 1] [0, 0, 2]

[0,−1,−4] [0,−1,−3] [0,−1,−2] [0,−1,−1] [0,−1, 0] [0,−1, 1]

We want to describe the equivalence relation defined above in geometric terms.

Definition 4.3.3. Consider two convex polytopes C and C ′ in the fixed apartment

A. We say C and C ′ are reflection equivalent if there is a sequence of polytopes

C = C0, C1, . . . , Cs = C ′, where one can obtain each Ci+1 from Ci by reflecting across

some hyperplane H in A.

By definition, C and C ′ are reflection equivalent if and only if there exists a

product of reflections with respect to hyperplanes in A sending C to C ′.

Example 4.3.4. Note that any two chambers are reflection equivalent. In particular,

each apartment is what is called a chamber complex (see [14, page 52]), which means

that any two chambers in the apartment are reflection equivalent (see [14, page 32]).

For example, given two chambers C and C ′ outlined in blue in Figure 4.2, the sequence

of chambers in yellow shows that C and C ′ are reflection equivalent.

Example 4.3.5. Note that CΓ in blue and CΓ′ in green from Figure 4.1 are also
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Figure 4.2:

[0, 2,−3] [0, 2,−2] [0, 2,−1] [0, 2, 0] [0, 2, 1] [0, 2, 2] [0, 2, 3]

[0, 1,−3] [0, 1,−2] [0, 1,−1] [0, 1, 0] [0, 1, 1] [0, 1, 2]

[0, 0,−4] [0, 0,−3] [0, 0,−2] [0, 0,−1] [0, 0, 0] [0, 0, 1] [0, 0, 2]

[0,−1,−4] [0,−1,−3] [0,−1,−2] [0,−1, 0][0,−1,−1] [0,−1, 1]

[0, 0, 0]

[0,−1,−1]

reflection equivalent, since we can reflect CΓ first with respect to x1 − x3 = 0 and

then with respect to x1 − x2 = −1 to obtain CΓ′ .

However, the three polytopes in Figure 4.3 are not reflection equivalent. Note

that there is no way we can get from the polytope in blue to the one in green, or to

the one in red by reflecting with respect to hyperplanes in the apartment.

Figure 4.3:

[0, 0,−4] [0, 0,−3] [0, 0,−2] [0, 0,−1] [0, 0, 0] [0, 0, 1] [0, 0, 2]

[0,−1,−4] [0,−1,−3] [0,−1,−2] [0,−1,−1] [0,−1, 0] [0,−1, 1]

[0,−2,−5] [0,−2,−4] [0,−2,−3] [0,−2,−2] [0,−2,−1] [0,−2, 0] [0,−2, 1]

[0,−3,−5] [0,−3,−4] [0,−3,−3] [0,−3,−2] [0,−3,−1] [0,−3, 0]

We claim the following about these equivalence classes:

Proposition 4.3.6. Let Γ and Γ′ be two isomorphic tiled orders whose convex poly-
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topes CΓ and CΓ′ are in A. Then [Γ] = [Γ′] are in the same equivalence class from

Definition 4.3.1 if and only if CΓ and CΓ′ are reflection equivalent.

Proof of Proposition 4.3.6. Suppose [Γ] = [Γ′], then by definition there exists σ ∈ Sr

such that

m′ij` = mσ(i)σ(j)σ(`) and t′i = tσ(i) for all i, j, ` ≤ r.

We first show the claim is true when σ = e is the identity permutation, so ti = t′i and

mij` = m′ij` for all 1 ≤ i, j, ` ≤ r. By Corollary 3.3.8, CΓ′ must be a translation of

CΓ by some diagonal matrix. Since ti = t′i, the type of such a diagonal matrix must

be zero, and by Lemma 2.3.5 the matrix will act on the apartment by a product of

reflections. This implies that CΓ and CΓ′ are reflection equivalent.

Now suppose σ ∈ Sr is nor necessarily the identity permutation. Let MΓ′ = (µ′ij)

be the exponent matrix of Γ′, and let η = (δσ−1(i)j). Then η is a permutation matrix,

and therefore a product of reflections with respect to hyperplanes going through the

vertex [0, 0, . . . , 0]. Consider Γ′′ = ηΓ′η−1. By Equation (4.5), its structural invariants

and types are given by

m′′ij` = m′σ−1(i)σ−1(j)σ−1(`) = mij` and t′′i = t′σ−1(i) = ti.

By the previous paragraph, CΓ and CΓ′′ are reflection equivalent, and since we ob-

tained CΓ′′ by reflecting CΓ′ along hyperplanes going through the origin, so are CΓ

and CΓ′ .

Now we prove the converse, and assume that CΓ and CΓ′ are reflection equivalent.

Let the product of reflections sending CΓ to CΓ′ correspond to the monomial matrix
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ξ = (πβiδσ(i)j) such that Γ′ = ξΓξ−1. By Equation (4.5),

m′ij` = mσ(i)σ(j)σ(`) and t′i = tσ(i) + t(ξ) = tσ(i),

and we are done.

Therefore, the equivalence classes described above partition the convex polytopes

congruent to CΓ into classes of reflection equivalent convex polytopes. How many

such classes are there?

Theorem 4.3.7. Let Γ be a tiled order with tuple (mij`) of structural invariants in

lexicographical order, and ordered tuple of types of distinguished vertices (t1, t2, . . . , tr).

Let ξs := diag(πs, 1, . . . , 1) and Γs := ξsΓξ
−1
s . Then there are at most r reflection

classes of polytopes congruent to CΓ, corresponding to the classes of orders

[Γ] = [Γ0] = [(mij`), (t1, t2, . . . , tr)]

[Γ1] = [(mij`), (t1 + 1, t2 + 1, . . . , tr + 1)]

[Γ2] = [(mij`), (t1 + 2, t2 + 2, . . . , tr + 2)]

...

[Γr−1] = [(mij`), (t1 + r − 1, t2 + r − 1, . . . , tr + r − 1)].

In particular, nr(N (Γ)) = (k×)dR× if and only if there are d distinct reflection classes

and [Γs] = [Γt] for s ≡ t (mod d).

Proof. By Equation (4.5), each Γs has structural invariants and exponents

m′ij` = mij` and t′i ≡ ti + s (mod r).
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We first show that any order Γ′ isomorphic to Γ, and with convex polytope CΓ′ in

A, belongs to one of the classes enumerated above. If Γ′ ∼= Γ, we have Γ′ = ξΓξ−1

for some monomial matrix ξ = (πβiδτ(i)j), τ ∈ Sr. Let η = (δτ−1(i)j), which is a

permutation matrix and therefore corresponds to a product of reflections with respect

to hyperplanes going through the origin in the apartment. Therefore, [Γ′] = [ηΓ′η−1].

Let Γ′′ := ηΓ′η−1 = (ηξ)Γ(ηξ)−1. Since the product ηξ is a diagonal matrix with

t(ηξ) = t(ξ), by Equation (4.5) [Γ′′] is determined by the data

m′′ij` = mij` and t′′i = ti + t(ξ) for all i, j, ` ≤ r.

Therefore, [Γ′] = [Γ′′] corresponds to the reflection class given by [Γt(ξ)].

Let i ∈ {0, 1, . . . , d − 1} and ` ∈ Z such that t(ξ) + ` · d = i, and let ξσ ∈

N (Γ) with t(ξσ) = d (we know such an element exists by Proposition 4.2.2). Then

Γ′ = ξξ`σΓξ−`σ ξ−1, and as in the paragraph above [Γ′] = [Γt(ξ)+`·d] = [Γi], where

i ∈ {0, 1, . . . , d− 1}. In particular, [Γs] = [Γs+`·d] for all s, ` ∈ Z. Therefore, there are

at least d reflection classes.

Now suppose we have [Γs] = [Γt] for s ≤ t and s, t ∈ {0, 1, . . . , d − 1}. By

Proposition 4.3.6, [Γs] = [Γt] if and only if CΓs and CΓt are reflection equivalent.

Since products of reflections correspond to monomial matrices of type 0, there must

exist a monomial matrix ζ of type 0 such that ζΓsζ
−1 = Γt. Then ξ−1

s ζ−1ξt ∈ N (Γ),

so t(ξ−1
s ζ−1ξt) = t−s ∈ {0, 1, . . . , d−1}. By Proposition 4.2.2, dZ/rZ is the subgroup

of Z/rZ generated by the types of matrices in N (Γ), so t = s, and there are exactly

d distinct reflection classes.

Theorem 4.3.7 yields the following:
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Corollary 4.3.8. Consider Γ a tiled order in Mr(D) with structural invariants mij`,

H = {σ ∈ Sr : mij` = mσ(i)σ(j)σ(`) for all i, j, ` ≤ r} and set of monomial representa-

tives H̃ = {ξσ : σ ∈ H}. Then [Γ0] = [Γj] for some j ≤ r if and only if there exists

σ ∈ H and a corresponding monomial matrix ξσ ∈ H̃ such that t(ξσ) ≡ j (mod r).

Proof. This is a straightforward modification of the last paragraph in the proof of

Theorem 4.3.7.

Corollary 4.3.9. Suppose Γ is a tiled order in Mp(D), with p prime. Then there are

either one or p reflection classes. In particular, there can only be one reflection class

if all the distinguished vertices of Γ have distinct types.

Proof. The first statement follows from Theorem 4.3.7. If there is only one reflection

class, then [Γ0] = [Γ1] and by Corollary 4.3.8 there must be some monomial matrix

ξσ ∈ H̃ with t(ξσ) = 1. By Equation (4.5) each tσj(1) ≡ t1+j (mod r), so in particular

ord(σ) ≡ 0 (mod r). Since ξe ∈ H̃ is the identity matrix, and t(ξe) = 0, it follows

that σ 6= e is not the identity permutation, so σ must be a p-cycle, and all the

distinguished vertices have distinct types.

In the light of Theorem 4.3.7, we revisit a few examples. Consider the tiled order

Γ from Example 4.3.2 and polytope CΓ in blue in Figure 4.1. We see that CΓ has no

symmetries, so N (Γ) = D×Γ×, and therefore nr(N (Γ)) = (k×)3R×. We can check

that indeed there are 3 reflection classes isomorphic to CΓ.

Next, consider the tiled order Γ with polytope in blue in Figure 4.3. The only non-

trivial symmetry of CΓ is given by a reflection, which would have type 0. Therefore,

nr(N (Γ)) = (k×)3R×, which agrees with the fact that there are 3 reflection classes of

polytopes congruent to CΓ.
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Finally, as discussed in Example 4.3.4, any two chambers in an apartment can be

connected by reflections, and all chambers in the apartment are in the same reflection

class. Let Γ be a tiled order whose polytope is a chamber; by Corollary 3.9.7, we know

N (Γ)/D×Γ× ∼= Z/rZ. Since all the vertices in a chamber have distinct types, and

N (Γ)/D×Γ× is transitive on the distinguished vertices, it follows that there exists

ξσ ∈ N (Γ) with t(ξσ) ≡ 1 (mod r). By Corollary 4.3.8, we have nr(N (Γ)) = k×,

which confirms that all chambers in an apartment are in the same reflection class.

The argument in the latter example and in Corollary 4.3.9 generalizes as follows.

Corollary 4.3.10. Let Γ ⊆Mr(D) be a tiled order. Then there is only one reflection

class of polytopes congruent to CΓ if and only if the types of the distinguished vertices

of Γ are distinct and N (Γ)/D×Γ× ∼= Z/rZ.

Proof. Suppose there is only one reflection class of polytopes congruent to CΓ, so

in particular [Γ0] = [Γ1]. By Corollary 4.3.8, there exists σ ∈ H with monomial

representative ξσ ∈ H̃ such that t(ξσ) ≡ 1 (mod r). By Equation (4.5), tσ(i) = ti + 1

for all i ≤ r. In particular, taking i = 1, we get

tσ(1) ≡ t1 + 1 (mod r)

tσ2(1) ≡ tσ(1) + 1 ≡ t1 + 2 (mod r)

...

tσord(σ)−1(1) ≡ t1 + ord(σ)− 1 (mod r)

t1 ≡ t1 + ord(σ) (mod r)

Therefore, r|ord(σ), and the types t1, tσ(1), . . . , tσ−1(1) are all distinct. Since we only

have r columns, σ must be an r-cycle. Since the lattices corresponding to the

columns of Γ have distinct types, they must also be in distinct homothety classes,
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so N (Γ)/D×Γ× is isomorphic to a subgroup of Sr, and it contains the subgroup

〈σ〉 ∼= Z/rZ.

To finish proving the forward claim, we need to show that for all ξτ ∈ N (Γ), we

have τ ∈ 〈σ〉. If ξτ fixes any vertex, it must have type zero. However, if it has type 0,

and all distinguished vertices have distinct types, it must also fix all the vertices, so

τ = e and therefore τ ∈ 〈σ〉. Given any ξτ ∈ N (Γ), let j = τ−1(1). Then there exists

s ≤ r such that σs(1) = j. Therefore, τσs(1) = 1, and τσs fixes the first vertex. Since

ξτσs ∈ N (Γ), by the argument above τσs = e and τ ∈ 〈σ〉.

The converse is straightforward. Since all the distinguished vertices have distinct

types, and N (Γ)/D×Γ× is transitive on the vertices, it follows that there exists ξσ ∈

N (Γ) with t(ξσ) ≡ 1 (mod r), so nr(N (Γ)) = k×, and there is only one reflection

class of polytopes congruent to CΓ.

We take a detour to consider the case when all distinguished vertices have distinct

types, where we have a rather straightforward process for determining the number of

reflection classes.

Remark 4.3.11. Suppose Γ ⊆ Mr(D) is a tiled order, whose distinguished vertices

have distinct types. To determine the number of reflection classes, we start with the

following data:

(a) The centered order Γc = (pνij) as in Chapter 2. Given σ ∈ Sr, we know by

Theorem 3.9.3 that mij` = mσ(i)σ(j)σ(`) for all i, j, ` ≤ r if and only if νij =

νσ(i)σ(j) for all i, j ≤ r.

(b) The ordered tuple of types (t1, t2, . . . , tr).

(c) The proper divisors of r, ordered increasingly.
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For each proper divisor d, find σ ∈ Sr such that ti + d = tσ(i). Since all ti

are distinct, there exists a unique such a permutation. By definition, [Γ0] = [Γd] if

and only if there exists σ ∈ Sr such that mij` = mσ(i)σ(j)σ(`) for all i, j, ` ≤ r, and

ti+d = tσ(i) for all i ≤ r. Since the latter condition is satisfied, we only need to check

whether νσ(i)σ(j) = νij for all i, j ≤ r. If yes, return d. If not, choose the next divisor,

and repeat the cycle.

If the algorithm does not return any divisor, there are r reflection classes.

Example 4.3.12. Consider the tiled order Γ ⊆ M4(D) with exponent matrix MΓ,

and corresponding centered order Γc with exponent matrix MΓc

MΓ =


0 0 2 0
3 0 2 0
3 1 0 0
3 1 3 0

 MΓc =


0 3 10 5
9 0 7 2
10 5 0 3
7 2 9 0

 .

The types are given by (t1, t2, t3, t4) = (1, 2, 3, 4). We start by checking whether

[Γ0] = [Γ1]. The permutation σ ∈ S4 giving ti + 1 = tσ(i) is σ = (1234). However,

ν12 6= ν23, so [Γ0] 6= [Γ1]. Next, we check whether [Γ0] = [Γ2]. The permutation τ ∈ S4

giving ti + 2 = tτ(i) is τ = (13)(24). Indeed, νij = ντ(i)τ(j) for all i, j ≤ 4, and there

must be two reflection classes congruent to CΓ.

Note that the algorithm above avoids the issue of directly finding the normalizer,

which can be quite involved as we have seen in Chapter 3. In particular, we may use

the algorithm above for matrix algebras of prime degree p over a division ring, since

by Corollary 4.3.9 the only time we may not have p distinct reflection classes is when

the types are all distinct. Unfortunately, we are not quite as lucky when the types

are not distinct, since then we do not have a unique σ ∈ Sr permuting the types
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of the distinguished vertices. However, we can narrow our search to subsets of the

permutation group.

Lemma 4.3.13. Let Γ ⊆ Mr(D) be a tiled order, and σ ∈ H a symmetry of CΓ

with monomial representative ξσ. Let σ = σ1σ2 . . . σs be a decomposition into disjoint

cycles of length l1, l2, . . . , ls. If any of the cycles σi has length li with gcd(li, r) = 1,

then t(ξσ) = 0.

Proof. Note that if any of the li = 1, then ξσ fixes some vertex [Pj], and therefore

t(ξσ) ≡ 0 mod r. Therefore, we can assume σ does not fix any j ≤ r. Without

loss of generality, suppose gcd(l1, r) = 1, and let i ≤ r not fixed by σ1. Then

σl1 = (σ2σ3 . . . σs)
l1 fixes i, so t(ξσl1 ) ≡ 0 (mod r). But t(ξσl1 ) ≡ l1t(ξσ) (mod r),

and since gcd(l1, n) = 1, we get t(ξσ) ≡ 0 (mod r).

Therefore, the only elements in the normalizer that could contribute to make

nr(N (Γ)) strictly larger than (k×)rR× are those that decompose into disjoint cycles

of lengths which have common divisors with r.

A general algorithm finding the number of reflection classes runs as follows.

Remark 4.3.14 (Determining the number of reflection classes for Γ ⊂Mr(D)). Given

a tiled order Γ ∈Mr(D), we start with the following information:

(a) The centered order Γc = (pνij) as in Chapter 3.

(b) The subgroup G as in Remark 3.9.6. By Theorem 3.9.3, H = {σ ∈ Sr : mij` =

mσ(i)σ(j)σ(`) for all i, j, ` ≤ r} is the same as {σ ∈ Sr : νij = νσ(i)σ(j) for all i, j ≤

r}, and H ≤ G.

(c) The types (t1, t2, . . . , tr) of Γ.
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(d) The divisors di|r where di 6= r in increasing order.

For each divisor di, check whether [Γ0] = [Γdi ]. This is done in two steps:

(1) Recall that [Γ0] = [Γdi ] if and only if there exists σ ∈ H such that tj + di = tσ(j)

for all j ≤ r. Using Lemma 4.3.13, we start by finding all the permutations σ ∈ G

that decompose into products of disjoint cycles with length not coprime to r, such

that tj + di = tσ(j) for all j ≤ r. If the set of such permutation is empty, take a

new divisor.

(2) For each σ found in the previous step, check whether νij = νσ(i)σ(j) for all i, j ≤ r.

If yes, then mijk = mσ(i)σ(j)σ(`) for all i, j, ` ≤ r, so we have d reflection classes,

and we terminate the process. If not, take a new divisor.

If the algorithm does not return any divisor, we have r distinct classes.

We illustrate the algorithm with a couple of examples.

Example 4.3.15. Consider the tiled order Γ with exponent matrixMΓ, and centered

order Γc with exponent matrix MΓc

MΓ =


0 1 1 2
2 0 2 2
2 1 0 1
1 1 0 0

 MΓc =


0 6 4 6
6 0 6 4
8 6 0 2
6 8 2 0

 .

The subgroup H = {σ ∈ S4 : mij` = mσ(i)σ(j)σ(`) for all i, j, ` ≤ 4} is contained in

G := {e, (12), (34), (12)(34)}. The types are given by the tuple (1, 3, 3, 1), and the

proper divisors of 4 are d1 = 1 and d2 = 2. Since the types ti are not all distinct, by

Corollary 4.3.10 we cannot have only one reflection class, so we consider the divisor

d2 = 2. The only permutation in G decomposing into disjoint cycles of length not
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coprime to 4 is σ = (12)(34), and indeed ti + 2 = tσ(i) for all i ≤ 4. Now we check

that νij = νσ(i)σ(j) for all i, j ≤ 4, so we must have 2 reflection classes.

Example 4.3.16. Consider the tiled order Γ with exponent matrix MΓ, and associ-

ated centered order Γc with exponent matrix MΓc

MΓ =


0 0 1 1
0 0 1 1
0 0 0 0
0 0 0 0

 MΓc =


0 0 2 2
0 0 2 2
2 2 0 0
2 2 0 0

 .

Since all the columns in MΓc have the same multisets of exponents, H = {σ ∈

S4 : mij` = mσ(i)σ(j)σ(`) for all i, j, ` ≤ 4} is contained in G = S4. The types are

given by the tuple (0, 0, 2, 2), and the proper divisors of 4 are d1 = 1 and d2 =

2. Since the types ti are not all distinct, by Corollary 4.3.10 we cannot have only

one reflection class, so we consider the divisor d2 = 2. The permutations in G

decomposing into disjoint cycles of length not coprime to 4 such that ti + 2 = tσ(i)

are {(13)(24), (14)(23), (1324), (1423)}. Take σ = (13)(24), then indeed νij = νσ(i)σ(j)

for all i, j ≤ 4, so we must have 2 reflection classes.

Section 4.4

Computing type numbers

Now that we know how to find the number of reflection classes described in the

previous section, we go back to the global setting. Recall our notation. Let K be a

number field with ring of integers OK and set of places Pl(K). Let A be a central

simple algebra over K of degree n ≥ 3, and denote by Ω ⊂ Pl(K) the finite set

of real places of K ramifying in A. Consider Γ an OK-order in A, such that Γν is
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tiled at each finite place ν ∈ Pl(K). Note that at all but finitely many primes, Γν is

maximal. We denote by Kν and Oν the completions of K, and respectively OK , at a

place ν ∈ Pl(K), and let Aν := Kν ⊗K A and Γν := Oν ⊗R Γ. By Artin-Wedderburn,

Aν ∼= Mrν (Dν), where Dν is a central division algebra of degree n/rν over Kν . If ν is

an infinite place, we set Oν := Kν and Γν := Aν .

The type number of Γ is the number of double cosets A×\JA/
∏′

ν N (Γν). Recall

the bijection from Equation (4.1)

A×\JA/
∏′

ν

N (Γν)↔ JK/K
× nr(

∏′

ν

N (Γν)).

Also, recall the idelic subsets

JK,S,Ω =
∏
ν∈Ω

R×+
∏
ν∈S

K×ν
∏
ν 6∈S

O×ν ,

where S is a finite set of places ofK such that the set of infinite places S∞ is contained

in S ∪ Ω. When Ω = ∅, we write JK,S,Ω = JK,S. Recall the associated class groups

ClΩ(K) ∼= JK/K
×JK,S∞−Ω,Ω ClS(K) = JK/K

×JK,S ClS,Ω(K) = JK/K
×JK,S,Ω.

4.4.1. Type numbers of orders in algebras with no ramified primes

We first consider the particular case in when A does not ramify at any infinite place

of K. For example, all central simple algebras of odd degree fall in this category.

Let A := Mn(K). Then A splits at each place ν ∈ Pl(K), and Aν ∼= Mn(Kν). Let

Γ be maximal in A; then Γν is maximal at each place. By Lemma 4.2.1, at each finite

place ν we have nr(N (Γν)) = (K×ν )nO×ν . At each infinite place ν, Γν := Aν , and since
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A does not ramify at any real place, then nr(N (Γν)) = A×ν (Theorem (33.4) in [34]).

By [34, (33.4)], we get nr(Γν) = K×ν .

Then

JK/K
× nr(

∏′

ν

N (Γν)) = JK/K
×
∏
ν∈S∞

K×ν
∏′

ν 6∈S∞

(K×ν )nO×ν = JK/K
×JnKJK,S∞ .

We can obtain the type number of maximal orders in A the following way:

Proposition 4.4.1. The number of conjugacy classes of a maximal order Λ ⊆Mn(K)

is

G(Λ) = # Cl(K)/Cl(K)n.

Proof. We have Cl(K) ∼= JK/K
×JK,S∞ . The idelic quotient isomorphic to Cl(K)n

corresponds to a subgroup H such that K×JK,S∞ ≤ H ≤ JK . We claim that H =

K×JnKJK,S∞ . Indeed,

Cl(K)n ∼= JnK/(K
×JK,S∞ ∩ JnK) ∼= JnKK

×JK,S∞/K
×JK,S∞ ,

the latter isomorphism by to the second isomorphism theorem for groups.

We have

Cl(K)/Cl(K)n ∼= (JK/K
×JK,S∞)/(JnKK

×JK,S∞/K
×JK,S∞) ∼= JK/J

n
KK

×JK,S∞

and our claim holds.

Now suppose A is any central simple algebra that does not ramify at any infinite

places, and Γ a maximal order. At each finite place ν, we get Aν ∼= Mrν (Dν) for some
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rν |n and division algebra Dν of degree n/rν over Kν . Then Γν is maximal at each

finite place, and by Lemma 4.2.1, nr(N (Γν)) = (K×ν )rνO×ν . We have the following

condition for G(Λ):

Lemma 4.4.2. Let A be a central simple algebra of degree n ≥ 3 over a number field

K with ring of integers OK. Suppose that A does not ramify at any infinite place of

K. Given a maximal order Λ in A, we have

G(Λ) ≤ # Cl(K)/Cl(K)n.

Moreover, G(Λ) divides # Cl(K)/Cl(K)n.

Proof. Recall that # Cl(K)/Cl(K)n is the number of isomorphism classes of a max-

imal order in the algebra Mn(K), that is, the size of the group

JK/

K×∏
ν|∞

K×ν
∏′

ν-∞

(K×ν )nO×ν

 ,
where by ν | ∞ we mean the infinite places, and by ν 6 |∞ the finite ones.

On the other hand, the number of isomorphism classes of Λ is given by the size of

the group

JK/

K×∏
ν|∞

K×ν
∏′

ν-∞

(K×ν )rνO×ν

 ,
where each rν |n.

Since ∏′

ν-∞

(K×ν )nO×ν ⊆
∏′

ν-∞

(K×ν )rνO×ν ,

we have a projection from the first group onto the second, and the result follows.
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We move on to non-maximal orders. Suppose Γ is an order in A that is tiled at

each finite place. In particular, Aν ∼= Mn(Kν) and Γν ∼= Mn(Oν) all but finitely many

places ν ∈ Pl(K), so by Lemma 4.2.1 nr(N (Γ)) = (K×ν )nO×ν . At the rest of the finite

places we can use Theorem 4.3.7, which states that nr(N (Γν)) = (K×ν )dνO×ν , where

Aν ∼= Mrν (Dν) and dν |rν is the number of reflection classes of polytopes congruent to

CΓν . Therefore, the type number of everywhere tiled orders is bounded above by the

type number of maximal orders in the algebra:

Proposition 4.4.3. Let A be a central simple algebra of degree n ≥ 3 over a number

field K with ring of integers OK. Suppose that A does not ramify at any infinite places

of K. Let Gmax be the type number of maximal orders in A. Given an everywhere

locally tiled order Γ in A, we have

G(Γ) ≤ Gmax ≤ # Cl(K)/Cl(K)n,

where in particular G(Γ)|Gmax and Gmax|# Cl(K)/Cl(K)n

Proof. The proof is similar to that of Lemma 4.4.2, since at each finite place,

nr(N (Γν)) = (K×ν )dνO×ν ⊇ (K×ν )rνO×ν ⊇ (K×ν )nO×ν , where dν |rν and rν |n.

Therefore, we have a few upper bounds for type numbers of locally tiled orders Γ

when the algebra A is of degree n over K, and does not ramify at any infinite place

of K. First, it is bounded above by the type number of maximal orders in Mn(K),

which is equal to # Cl(K)/Cln(K). A finer bound is the type number of maximal

orders in A.

Before we tackle the general case, we start with a simpler example. We go back

to A = Mn(K), and suppose either nr(N (Γν)) = K×ν (for example, Γν has polytope a
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chamber), or nr(N (Γν)) = (K×ν )nO×ν (for example, the polytope associated to Γν has

no symmetries). Then the type number G(Γ) is given by the following class group

quotient:

Proposition 4.4.4. Let A = Mn(K), and consider Γ an everywhere locally tiled order

in A such that either nr(N (Γν)) = K×ν , or nr(N (Γν)) = (K×ν )nO×ν . Denote by T the

union of the infinite places of K and the finite places of A such that nr(N (Γν)) = K×ν ,

then

G(Λ) = # ClT (K)/ClT (K)n.

Proof. We want to find JK/K×
∏

ν∈T K
×
ν

∏
ν 6∈T (K×ν )nO×ν = JK/K

×JK,TJ
n
K . Similar

to finding Cl(K)n, we have ClT (K)n ∼= K×JnKJK,T/K
×JK,T , and

ClT (K)/ClT (K)n ∼= (JK/K
×JK,T )/(JnKK

×JK,T/K
×JK,T ) ∼= JK/J

n
KK

×JK,T ,

which proves our claim.

The proposition also allows us to easily compute type numbers of everywhere

locally tiled orders in algebras of prime degree.

Theorem 4.4.5. Let A be a central simple algebra of prime degree p ≥ 3 over K,

and Λ an everywhere locally tiled order in A. Let S∞ be the infinite places of K, Sr

the set of finite ramified places of A, and St the set of finite places of A such that

the types of the distinguished vertices of CΛν are distinct and N (Λν)/K
×
ν Λ×ν

∼= Z/pZ.

Given the union T = S∞ ∪ Sr ∪ St, we have

G(Λ) = # ClT (R)/ClT (R)p.
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Proof. If A is of prime degree p over K, Aν ∼= Mp(Kν) or Aν ∼= Dν at each finite

place ν ∈ Pl(K), and Aν ∼= Mp(K
×
ν ) at each infinite place. Therefore

nr(N (Λν)) = K×ν

when ν is either

- an infinite place,

- a ramified place of A, or

- a place where CΛν has distinguished vertices of distinct types andN (Λν)/K
×
ν Λ×ν

∼=

Z/pZ, and

nr(N (Λν)) = (K×ν )pO×ν otherwise.

The rest follows from Proposition 4.4.4.

Example 4.4.6. Consider K = Q(α) where α is a root of f(x) = x3 − 7. Then

Cl(K) ∼= Z/3Z is generated by the class of q = (2, α+1). Let Γ =

 OK p p
OK OK p
OK OK OK

 .

Then Γp = M3(Op) if p 6= q and Γq =

 Oq q q
Oq Oq q
Oq Oq Oq

 with polytope

The type number is the number of double cosets of

K×\JK/K×q
∏′

(K×ν )3O×ν = ClT (K)/ClT (K)3,

for T = S∞ ∪ {q}. But ClT (K) is trivial, since any nontrivial ideal class is generated

by [q], and G(Γ) = 1.

To deal with the general case, we make the following observation. Weber has
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shown that every ideal class of K is generated by some prime (see [9, p.47]). Con-

sider an everywhere locally tiled order Γ ⊂ A, and let S = {p ∈ Pl(K), p 6∈

S∞ : nr(N (Γp)) = (K×p )dpO×p , dp 6= n}. Since Aν ∼= Mn(Kν) at all but finitely

many places, and Γν is maximal at all but finitely many places, it follows that

nr(N (Γν)) = (K×ν )nO×ν at all but finitely many places, so S is finite. For each

p ∈ S, pick a prime qp generating the same ideal class as pdp , so [pdp ] = [qp], and let

Ŝ = {qp : p ∈ S}. Note that Ŝ is a finite set as well. Then

Theorem 4.4.7. Let A be a central simple algebra of degree n ≥ 3 over a number

field K. Suppose that A does not ramify at any infinite place of K. Let Γ be an order

in A, with S and Ŝ the sets of primes defined above, and denote by T := Ŝ ∪ S∞.

Then

G(Γ) = # ClT (K)/ClT (K)n.

Proof. Recall the idelic quotients from Proposition 4.4.4. We want to show that

JK/H1 = JK/H2 where

H1 := K×
∏
p∈S

(K×p )dpO×p
∏
ν∈S∞

K×ν
∏′

p6∈S∪S∞

(K×p )nO×p =
∏
p∈S

(K×p )dp(K×JnKJK,S∞)

H2 := K×
∏
q∈Ŝ

K×q
∏
ν∈S∞

K×ν
∏′

q6∈Ŝ∪S∞

(K×q )nO×p = (
∏
q∈Ŝ

K×q )K×JnKJK,S∞ .

We show thatH1 = H2. For any prime p ∈ S with associated qp ∈ Ŝ, and uniformizers

πp and πqp in Kp and Kqp , we have

(. . . , 1, π
dp
p , 1, . . . )K

×JK,S∞ = (. . . , 1, πqp , 1, . . . )K
×JK,S∞ ,
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so (. . . , 1, π
dp
p , 1, . . . )K

×JnKJK,S∞ = (. . . , 1, πqp , 1, . . . )K
×JnKJK,S∞ . Therefore, for any

integers ap ∈ Z and units up ∈ Kp, we get

∏
p∈S

(. . . , 1, π
dpap
p up, 1, . . . )K

×JnKJK,S∞ =
∏
qp∈Ŝ

(. . . , 1, πapqp , 1, . . . )K
×JnKJK,S∞ .

This implies that H1 ⊆ H2. At the same time, for any integers bp ∈ Z and units

uqp ∈ Oqp , we have

∏
qp∈Ŝ

(. . . , 1, πbpqpuqp , 1, . . . )K
×JnKJK,S∞ =

∏
p∈S

(. . . , 1, π
dpbp
p , 1, . . . )K×JnKJK,S∞ .

This implies H2 ⊆ H1, and therefore JK/H1 = JK/H2.

Example 4.4.8. To illustrate Theorem 4.4.7 in the case n = 4 composite, we

would like a number field K for which Cl(K)/Cl(K)4 is complicated enough, for

example Cl(K) ∼= Z/2Z × Z/8Z. We find such a field using the LMFDB [42].

Let K = Q(a) where a is a root of f(x) = x4 − 30x2 − 1. Consider the order

Γ =


OK p1 p1p2 p2

1p2

p2
1 OK p2

1p2 p2
1p2

p2
1 p1 OK p1

p1 p1 OK OK

 ⊆ M4(K), where p1 = (5, a + 2) and p2 = (7, a − 2).

Note that Γp = M4(Op) when p 6= p1, p2, and that both Γp1 and Γp2 are tiled. Then

Γp1 and Γp2 have exponent matrices


0 1 1 2
2 0 2 2
2 1 0 1
1 1 0 0

 and


0 0 1 1
0 0 1 1
2 1 0 1
1 1 0 0

 .

In Examples 4.3.15 and 4.3.16, we have found that Γp1 and Γp2 each have two reflection

classes. Therefore, we need two primes q1 and q2 such that [p2
1] = [q1] and [p2

2] = [q2].
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We perform the rest of the calculations using Sage [43]. First, we find such primes

q1 = (239, a + 36) and q2 = (7, a3 − 33a). Letting T = {q1, q2} ∪ S∞, we get

ClT (K) ∼= Z/2Z × Z/2Z, so ClT (K)/ClT (K)4 ∼= Z/2Z × Z/2Z. Therefore, the type

number G(Γ) = 4.

4.4.2. Type numbers of everywhere locally tiled orders in general central

simple algebras over number fields

We generalize the results from the previous section to central simple algebras with

ramification at the infinite primes. In particular, as before let A be a central simple

algebra of even degree n ≥ 3 over K, and now let Ω be the set of real places of K

ramifying in A, so in particular Aν ∼= Mn/2(H) at each place ν ∈ Ω, where H are

Hamilton’s quaternions.

We summarize the idelic normalizer for the completions Γν :

nr(N (Γν)) =



(K×ν )nR×ν for almost all ν

R×+ ν ∈ Ω

K×ν ν ∈ S∞ − Ω

(K×ν )dνR×ν dν 6= n, dν |n.

Denote by S := S∞ − Ω, and by T the set of finite places such that nr(N (Γν)) =

(K×ν )dνO×ν where dν 6= n. The rather complicated idelic quotient we want to find is

JK/K
×
∏
ν∈Ω

R×+
∏
ν∈S

K×ν
∏
ν∈T

(K×ν )dνO×ν
∏′

ν 6∈S∞∪T

(K×ν )nO×ν . (4.6)

Proposition 4.4.3 generalizes to:
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Proposition 4.4.9. Let A be a central simple algebra of degree n ≥ 3 over a number

field K with ring of integers OK, and Ω be the set of real places ramifying in A. Denote

by ClΩ(K) the ray class group for Ω. Let Gmax be the type number of maximal orders

in A. Given a tiled order Γ in A, we have

G(Γ) ≤ Gmax ≤ # ClΩ(K)/ClΩ(K)n,

where in particular G(Γ)|Gmax and Gmax|# ClΩ(K)/ClΩ(K)n.

Proof. Recall that ClΩ(K) ∼= JK/K
×JK,S,Ω, where S = S∞ − Ω. Then

ClΩ(K)n ∼= JnK/(K
×JK,S,Ω ∩ JnK) ∼= JnKK

×JK,S,Ω/K
×JK,S,Ω,

and therefore

ClΩ(K)/ClΩ(K)n ∼= (JK/K
×JK,S,Ω)/(JnKK

×JK,S,Ω/K
×JK,S,Ω) ∼= JK/J

n
KK

×JK,S,Ω.

Recall that

JK,S,Ω =
∏
ν∈Ω

R×+
∏
ν∈S

K×ν
∏
ν finite

O×ν ,

and since n is even,

JnK =
∏
ν real

R×+
∏

ν complex

K×ν
∏′

ν finite

(K×ν )nOν .

Therefore,

JnKJK,S,Ω =
∏
ν∈Ω

R×+
∏
ν∈S

K×ν
∏′

ν finite

(K×ν )nO×ν .
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Note that then

ClΩ(K)/ClΩ(K)n = Jk/K
×
∏
ν∈Ω

R×+
∏
ν∈S

K×ν
∏′

ν finite

(K×ν )nO×ν

corresponds to the quotient in Equation (4.6) for T = ∅.

The genus of a maximal order Λ in A will correspond to the quotient

JK/K
×
∏
ν∈Ω

R×+
∏
ν∈S

K×ν
∏
ν∈T

(K×ν )rνO×ν
∏′

ν 6∈S∞∪T

(K×ν )nO×ν

where T is the set of finite primes where Aν ∼= Mrν (Dν) for which rν 6= n.

Finally, the genus of an arbitrary globally tiled order is given by

JK/K
×
∏
ν∈Ω

R×+
∏
ν∈S

K×ν
∏
ν∈T

(K×ν )dνO×ν
∏′

ν 6∈S∞∪T

(K×ν )nO×ν .

Since

∏′

ν finite

(K×ν )nO×ν ⊆
∏
ν∈T

(K×ν )rνO×ν
∏′

ν 6∈S∞∪T

(K×ν )nO×ν ⊆
∏
ν∈T

(K×ν )dνO×ν
∏′

ν 6∈S∞∪T

(K×ν )nO×ν ,

the result follows.

Remark 4.4.10. Note that the genus of a locally tiled order Γ is given by

JK/K
×
∏
ν∈Ω

R×+
∏
ν∈S

K×ν
∏
ν∈T

(K×ν )dνO×ν
∏′

ν 6∈S∞∪T

(K×ν )nO×ν = JK/
∏
ν∈T

(K×ν )dνK×JnKJK,S,Ω.

Now we want to generalize Proposition 4.4.7. As before, let S = S∞ − Ω. By the

Chebotarev density theorem, each ideal class in ClΩ(K) is generated by some prime
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ideal. Consider an everywhere locally tiled order Γ ⊂ A, and let T be the finite set

of places T = {p ∈ Pl(K), p 6∈ S∞ : nr(N (Γp)) = (K×p )dpO×p , dp 6= n}. For each

p ∈ T , pick a prime qp generating the same ideal class as pdp , so [pdp ] = [qp], and let

T̂ = {qp : p ∈ T} ∪ S. Note that T̂ is a finite set as well. Then

Theorem 4.4.11. Let A be a central simple algebra of degree n ≥ 3 over a number

field K, with Ω the set of real ramified primes in A. Let Γ be an everywhere locally

tiled order in A, with T and T̂ the sets of places defined above, and S = S∞ − Ω the

set of infinite paces which do not ramify in A. Then

G(Γ) = # ClT̂ ,Ω(K)/ClT̂ ,Ω(K)n.

Proof. Recall that ClT̂ ,Ω(K) ∼= JK/K
×JK,T̂ ,Ω, and similar to the formula for ClΩ(K)n,

we also have ClT̂ ,Ω(K)n ∼= JnKK
×JK,T̂ ,Ω/K

×JK,S,Ω, which gives

ClT̂ ,Ω(K)/ClT̂ ,Ω(K)n ∼= JK/J
n
KK

×JK,T̂ ,Ω = JK/J
n
KK

×JK,S,Ω
∏

q:=qp:p∈T

K×q .

Recall Remark 4.4.10. We want to show

JK/K
×JnKJK,S,Ω

∏
p∈T

(K×p )dp = JK/K
×JnKJK,S,Ω

∏
q=qp:p∈T

K×q .

Let

H1 := K×JnKJK,S,Ω
∏
p∈T

(K×p )dν and H2 := K×JnKJK,S,Ω
∏

q=qp:p∈T

K×q .

We show that H1 = H2. Similar to the proof of Theorem 4.4.7, for any prime
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p ∈ T with associated qp, and uniformizers πp and πqp in Kp and Kqp , we have

(. . . , 1, π
dp
p , 1, . . . )K

×JK,S,Ω = (. . . , 1, πqp , 1, . . . )K
×JK,S,Ω, which gives

∏
p∈T

(. . . , 1, π
dpap
p up, 1, . . . )K

×JnKJK,S∞ =
∏

qp:p∈T

(. . . , 1, πapqp , 1, . . . )K
×JnKJK,S∞

for any integers ap ∈ Z and units up ∈ Kp. This implies that H1 ⊆ H2. Similarly

H2 ⊆ H1, and therefore JK/H1 = JK/H2.
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