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» Please fill in the end of term course evaluations:
mcmaster.bluera.com/mcmaster

» Exam covers all the material in the course; 30 questions,
roughly 1/3 is on material since Midterm 3.

» The formula sheet covers present and future values,
integration by parts, marginal analysis, and the second partials
test

» Regular office hours this and next week: Wednesday
12:20-1:20, Thursday 1:30-2:30, and by appointment.

» Practice tests: there are two sample tests available on
Childsmath. Final sample: do exercises 2, 3, 4, 5, 6, 7, 8, 13,
14, 15, 16, 17, 18, 19, 20, 23, 26, 27, 30. Final 0.1 sample:
do exercises 1, 2, 3, 4, 6, 7, 8, 14, 15, 16, 17, 18, 19, 20, 21,
23, 24, 25, 26, 29, 30.
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Partial derivatives

fx(x,y) = rate of change of f with respect to x

— differentiate with respect to x, while treating y as a
constant
f,(x,y) = rate of change of f with respect to y

= differentiate with respect to y, while treating x as a
constant
Example. f(x,y) = ¥

2

f, = j),?(xzn). X4 - 2xye

u) 2 L
f = 0y ¥t -8 = X7
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Higher order derivatives

/7'rx><
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Critical points and classification

To find critical points, solve the system

fo=0
Goth
e (=0

Example. Find the critical points of
flx,y) = (x —1)* +y> = 3y* — 9y +5

1Cx‘~5<(x—|\ = 0 ~ x= )

by =30 6y-9=0
y-a%-S:o
=2 =0 =2 ye-1,3

So 2 wkicat pts = (1,-1)
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Classifying critical points

D(x,y) = fu(x, y)fyy (X, ¥) — [fxy(XuJ/)]z 7

—————

» if D(a, b) <0, the critical point is a saddle point;

» if D(a, b) > 0 and fi«(a, b) < 0 (or f,, < 0)), the critical
point is a relative maximum;

» if D(a, b) > 0 and fi«(a, b) > 0 (or f,, > 0)), the critical
point is a relative minimum.

If D(a, b) = 0, the test is inconclusive.
Example. Classify the critical points of
fx,y) = (x—1)*+y* =3y = 9y +5

x - *(X- =3y Gy - ok pic:

f &(X-1) 7(’\& 3y 4 9 Q(l;\g,(l\S)

fw s ®(‘|~\):i'(6-(—\\—a>~oz
=724 ¢

Lw 263—6

fx\i =0

(1h-1) - Sol\olk’)(gt\b{'.

“\ 5) - (d()/{'l‘\)ﬂ /&Q(M WA LA i WA

N ”'5):‘;2‘(6‘"5‘43 i} OZ
= QZ[ >O ; ‘(Xy:l>o
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The chain rule 2= -f—(x,x) | )(('é) | 3{{)
2 wuts Mf olonv'vw b tves

b%—
/ >< @Ji‘- \)?-
f(\ /7% 7
R D% L

olt |
\F ‘ dx
- pr
l)Z’ -2 -2
SR S T T
Xy § =73y {—ﬁ_a{—
Tl\.lV\ (_9_{(-:1:-{;_\_’73\\‘ l %Y\j? _é
- - gxt
ES g
@(f\)kaé is O—E ok fc‘-l?
X =t y=t°
kL =2
X= 2 .\_(\t_é/
o )| 2 3 -L2T -3
d|l T TE T
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Marginal analysis
Ja .g_b_f_ + JZ— _ i/_td_

T m—

J
Chowin rwl - ‘;&' K dt .)a olt

I\AWl 'V\OX_ Gw : ~ ')Z- _ ;)
ovmule
~Y N e )
i TR ROk 5 0y

At Ax, Az{ = CL\ww\ﬁ{ ‘n 2,%, Y

%\i{ ) %% ' it:% = C’m'ﬂg«u‘w 2Ky widly respeet
t.
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Lagrange multipliers

If we need to optimize the function f(x, y) with respect to the
constraint g(x, y) = k, we solve for (x, y) the system

This method extends to 3 variables:
If we need to optimize the function f(x, y, z) with respect to the
constraint g(x, y, z) = k, we solve for (x, y, z) the system
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Example
Solve for x,y,z > 0 the system

Uy + 182
26y + 18z = A\yz A= =4 7

Y2
26x + 18z = \xz )\\_m
xX&
18X—|—18y:)\xy )\‘ |8Y+|8L|
xyz = 1053 B XLJ
26\ 4187 - 26 X +187 wuH Lol h 5 roliy
\,A‘Z' Kt '6‘3 X‘i%

(264 +192 )% = (26x4192)Y - S =Wy
X:

’26)('\'\?2"_\ |/)(+|¢9Ls ol ’6}1 L
X7 Ky %”‘tﬁ

('Z(;KHY-Z)L(S = (1gy+|gﬂ\%

ZEXY 4 T = Ipx2 agqE m&__%)

26X% =952

\%j—%x:%x @le\@

Phug tn Xz = (053

10
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