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The action of SL2(Z) on the upper half-plane

The group
SL2(Z) = {γ ∈ M2(Z) : det(γ) = 1}

acts on the upper half-plane H = {τ ∈ C : Im(τ) > 0} via(
a b
c d

)
τ =

aτ + b

cτ + d
.

For example, for S =

(
0 −1
1 0

)
, we get Sτ = −1

τ and for

T =

(
1 1
0 1

)
, we get T τ = τ + 1.

Here −I acts trivially, so geometrically this is an action of
PSL2(Z) = SL2(Z)/{±I}.



The fundamental domain for SL2(Z)

A fundamental domain for the action of SL2(Z) = ⟨S ,T ⟩ can be
presented by the region in gray:

T τ = τ + 1 pairs the vertical sides, and Sτ = −1/τ pairs the
circular sides.



Elliptic points and cusps

i and ω = e2πi/3 are the elliptic points. Their stabilizers in
PSL2(Z) have orders 2 and 3, respectively.

The cusps P1(Q) = Q ∪ {∞} form one orbit, represented by ∞.



Other subgroups

Fix N ≥ 1. The standard congruence subgroups are

Γ0(N) =

{
γ ∈ SL2(Z) : γ ≡

(
∗ ∗
0 ∗

)
(mod N)

}
,

Γ1(N) =

{
γ ∈ SL2(Z) : γ ≡

(
1 ∗
0 1

)
(mod N)

}
,

Γ(N) =

{
γ ∈ SL2(Z) : γ ≡

(
1 0
0 1

)
(mod N)

}
.

In fact,
Γ(N) ⊆ Γ1(N) ⊆ Γ0(N) ⊆ SL2(Z).



Generalizing to other subgroups

Let Γ ≤ PSL2(Z) have finite index. A fundamental domain for Γ is
made by gluing together [PSL2(Z) : Γ] translates of F .

The quotient
Y (Γ) = Γ\H

is a Riemann surface. We add its finitely many cusps to get the
compact modular curve X (Γ).



A fundamental domain for Γ0(11)

Example. The gray region is a fundamental domain for Γ0(11).

After gluing the paired boundary arcs, we get X (Γ0(11)), which is
a torus.



Generalizing to other subgroups (cont.)

For Γ0(11), the picture tells us the following.
Cusps. If σ ∈ PSL2(Z) sends ∞ to c, its width is

hc = min{h > 0 : σT hσ−1 ∈ Γ}.

For Γ0(11), the cusps are ∞ and 0, with widths 1 and 11; thus
c = 2.
Elliptic points. There are no elliptic points, so e2 = e3 = 0.
Genus. We have µ = [PSL2(Z) : Γ0(11)] = 12, so

g(X0(11)) = 1 +
12

12
− 0

4
− 0

3
− 2

2
= 1.



Modular forms

For a finite-index subgroup Γ ≤ SL2(Z), a modular form of weight
k is a “nice” function f : H −→ C satisfying

f

(
aτ + b

cτ + d

)
= (cτ + d)k f (τ)

(
a b
c d

)
∈ Γ.

If the cusp ∞ has width h, we have

f (τ) =
∑
n≥0

anq
n
h ,

where qh = e2πiτ/h.
If f vanishes at every cusp (so a0 = 0 for the expansion at each
cusp), f is a cusp form. For fixed k , these form finite-dimensional
C-vector spaces Sk(Γ) ⊆ Mk(Γ).



Examples

Example. The Eisenstein series

E4(τ) = 1 + 240
∑
n≥1

σ3(n)q
n = 1 + 240q + 2160q2 + · · ·

is a modular form of weight 4, but it is not a cusp form.
Example. The discriminant

∆(τ) = q
∏
n≥1

(1− qn)24 =
E 3
4 − E 2

6

1728

= q − 24q2 + 252q3 − 1472q4 + 4830q5 + · · ·

is a cusp form of weight 12.



Dimension formulas

Let g , c , e2, e3 be the genus, number of cusps, and numbers of
elliptic points of orders 2 and 3 for Γ. For m ≥ 1,

dimCM2m(Γ) = (2m − 1)(g − 1) +mc +
⌊m
2

⌋
e2 +

⌊
2m

3

⌋
e3,

and

dimC S2m(Γ) =

{
g , m = 1,

dimCM2m(Γ)− c , m ≥ 2.

For SL2(Z), (g , c , e2, e3) = (0, 1, 1, 1), so

M12(SL2(Z)) = CE 3
4 ⊕ CE 2

6 , S12(SL2(Z)) = C∆.



Computing forms for congruence subgroups

For Γ0(N), Sk(Γ0(N)) carries commuting Hecke operators Tn.
Eichler–Shimura identifies the forms with Hecke-equivariant
cohomology:

Sk(Γ)⊕ Sk(Γ) ≃ H1
par

(
Γ, Symk−2C2

)
.

Modular symbols compute the cohomology and the matrices of Tn.
Hecke eigenvectors recover f =

∑
anq

n from Tnf = anf .
For noncongruence subgroups this canonical package is absent:
methods are more ad hoc.



Noncongruence modular forms

Definition. The principal congruence subgroup of level N is

Γ(N) = ker(SL2(Z) −→ SL2(Z/NZ)) .

A finite-index subgroup Γ is congruence if it contains some Γ(N).
Otherwise, it is noncongruence.
Fun fact: Most finite-index subgroups of SL2(Z) are
noncongruence.
The definition of a modular form is unchanged. We call the form
genuinely noncongruence if it is not modular for any congruence
subgroup.



Examples

Example (Li–Long–Yang). The group Γ1(5), a conjugate of Γ1(5),
is generated by ζ, θ,AζA−1,AθA−1, where

ζ =

(
1 5
0 1

)
, θ =

(
1 0
−1 1

)
, A =

(
−2 −5
1 2

)
.

Put ω3 = e2πi/3. Define φ3 : Γ
1(5) −→ µ3 by

ζ, AζA−1 7−→ ω3, ω−1
3 , θ, AθA−1 7−→ 1, 1.

Then Γ3 = ker(φ3) is the index-3 noncongruence subgroup studied
by Li, Long, and Yang.



Some modular forms for Γ3

Li, Long, and Yang compute a basis of S3(Γ3):

f1 =
3

√
E 2
1E2, f2 =

3

√
E1E 2

2 ,

where E1,E2 are weight-3 Eisenstein series for Γ1(5).
They compute a distinguished pair f± = f1 ± if2 with expansions

f± = q1/15 ± iq2/15 − 11

3
q4/15 ∓ 16i

3
q5/15

− 4

9
q7/15 ± 71i

9
q8/15 +

932

81
q10/15

± 247i

81
q11/15 +

443

243
q13/15 ∓ 3832i

243
q14/15

− 13151

729
q16/15 ± 9131i

729
q17/15 + O(q18/15).



Kernels of characters

Definition (Kurth–Long). Let Γ0 be a finite-index subgroup of
SL2(Z). A character group is

Γ = ker(χ : Γ0 −→ A), A a finite abelian group.

Example (Atkin–Li–Long). For n ≥ 2, put ωn = e2πi/n and define
φn : Γ1(5) → µn by

φn(ζ) = ωn, φn(AζA
−1) = ω−1

n ,

φn(θ) = 1, φn(AθA
−1) = 1.

Then Γn = ker(φn) is an index-n cyclic character group.



ϕ-congruence subgroups

Fix one homomorphism into a linear algebraic group,

Φ : Γ −→ G (OK [1/M]).

Reducing it modulo N for gcd(M,N) = 1 gives the principal
Φ-congruence subgroup

Γ(Φ,N) = ker(Φ mod N).

The Atkin–Li–Long characters come from the integral character

λ : Γ1(5) −→ Z, (ζ,AζA−1, θ,AθA−1) 7−→ (1,−1, 0, 0).



Unbounded denominators

Let f =
∑

anq
n
h be a modular form with coefficients in a number

field K . Its denominators are bounded if some 0 ̸= c ∈ OK makes
every can integral.
Theorem (Calegari–Dimitrov–Tang). If f is not modular for any
congruence subgroup, then its denominators are unbounded.
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Database by Berghaus, Monien and Radchenko

Automorphy condition. For γ =

(
a b
c d

)
∈ Γ,

f (γτ) = (cτ + d)k f (τ).

Hejhal’s method. Choose points τm on a low horocycle and pull
them back to τ∗m = γmτm ∈ F(Γ). Insert truncated q-expansions in
the automorphy condition; a discretized Fourier integral gives a
linear system for the coefficients. LLL can then recognize algebraic
values.

In genus zero. Once the Hauptmodul jΓ is known, construct

f (τ) = (j ′Γ(τ))
k/2P(jΓ(τ))

B(jΓ(τ))
,

choosing P/B to cancel poles and impose the desired vanishing at
the cusps.



The database

The database is public:
https://github.com/David-Berghaus/noncong_database

It contains 200 genus-zero and 21 genus-one representatives, with
q-expansions of all modular forms and cusp forms through weight
6.

Limits. Coverage stops at index 17 and is incomplete at the larger
indices. Genus-zero coefficients are rigorous except for Eisenstein
series; genus-one coefficients are numerical guesses made using
LLL.

https://github.com/David-Berghaus/noncong_database

